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ABSTRACT

Author: Huang, Yan. Ph.D.
Institution: Purdue University
Degree Received: August 2018
Title: Quantification of Morphogen Gradients and Patterning Scale Invariance along
Dorsal-Ventral Embryonic Axis.
Major Professor: David M. Umulis

Morphogen gradients provide positional information to underlying cells that translate the
information into differential gene expression and eventually different cell fates. Scale
invariance is the property where the gradients of the morphogen adjust proportionately to
the size of the domain. Scale invariance of morphogen gradients or patterns of
differentiation is a common phenomenon observed between individuals within the same
species and between homologous tissues or structures in different species. To determine
whether a pattern is scale invariant, we and others developed definitions and measurements
of gradient scaling. These include point-wise and global scaling errors as well as global
scaling power. Furthermore, there are several mathematical conditions for scale invariance
of advection-diffusion-reaction models that inform mechanisms of scaling. Herein we
provide a deeper perspective on modeling and measurement of scale-invariance of
morphogen gradients.
Scale invariance of DV patterning has been investigated in invertebrates but remains
poorly-understood in vertebrates. In both vertebrates and invertebrates, spatial patterning
progression along Dorsal-ventral (DV) embryonic axis depends on a morphogen gradient
of Bone Morphogenetic Protein (BMP) signaling. Here, we introduce a method for
studying DV patterning scale invariance by precisely altering the size of zebrafish embryos
by reducing vegetal yolk. Use of this method in scaling experiments indicated that the
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degree of scaling for intraspecies scaling within zebrafish is greater than that between
Danioninae species. Specifically, through analysis of experimentally re-sized embryos, we
determined that DV patterning and its underlying morphogen gradients are scale invariant
within species of zebrafish. We then extended our study to investigate DV patterning
between Danioninae species (zebrafish and giant danio) and found that morphogen
gradients do not scale between Danioninae species.
In the process of developing tools to quantify morphogen gradients from fluorescent
images, we created a novel method to match points in two partially overlapping images.
Point cloud data sets, or simply point clouds (PCs), originating from a common specimen
but containing different measurement parameters (i.e. using different sensors, times,
depths, viewpoints, etc.) usually contain both overlapping and non-overlapping points.
Registration aligns these distinct PCs into one coordinate system by assigning point-bypoint correspondence between PCs and applying a transformation. Registration shows
great potential for practical applications, but the effectiveness of current methods is limited
in PCs having large differences in relative initial positions, low overlapping ratios, and
excessive noise. We introduce a point matching algorithm called Signature that relaxes
these constraints. We approach the problem of identifying corresponding points between
PCs by assigning and matching point identification (ID), or the distance of a point to a
select number of closest points in the same PC. Signature has been tested on both
computationally generated images and experimentally generated images from confocal
microscopy of biological samples. Signature accurately identifies point correspondence in
PCs with any initial angles, with overlapping ratios as low as 15%, and shows some
improvement in aligning noisy PCs. Preprocessing with Signature also intelligently relaxes
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point-wise registration of initial point positions. Furthermore, combining Signature with
Anchor Point Alignment allows for robust alignment of noise-free PCs under any initial
position.

1

1. BONE MOPRHOGENTIC PROTEINS AND DORSAL-VENTRAL
(DV) PATTERNING

Scale invariance
1.1.1. Definition of scale invariance
A morphogen is a chemical component that forms a non-uniform spatial distribution over
a field of cells that drives differential gene expression in relation to its concentration and
ultimately patterns the underlying tissue or organ. In nature, many organisms and their
tissues and organs vary substantially in size but differ little in morphology, appearing to be
scaled versions of a common template or pattern [1]. This preservation of proportion is
called scaling, or scale invariance. Pattern scale invariance is achieved by the scaling of
morphogen gradients with system sizes.
1.1.2. Significance of scaling
“It is only a slight overestimate to say that the most important attribute of an animal,
both physiologically and ecologically, is its size. Size constrains virtually every
aspect of structure and function and strongly influences the nature of most interand intraspecific interactions. Body mass, which in any given taxon is a close
correlate of size, is the most widely useful predictor of physiological rates.” (G. A.
Bartholomew 1981, Insect thermoregulation, p. 46)
Scaling achieves precise and robust patterning in proportion to perturbations of system size
and is a very important feature for animals to survive [2, 3, 4]. Failure of scaling leads to
developmental defects or even death. As shown in Fig 1.1, in Xenopus DV patterning, for
example, after bisection the Xenopus embryo into halves along the DV axis, the dorsal half
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grows like the whole embryo up to tadpole stage. However, the ventral half fails to scale
and results in a mass of ventral tissues without DV axis structure [5].

Figure 1.1 The dorsal half scales and the ventral half fails to scale with the whole embryo after bisection.
Lateral view (A), dorsal view (B) and ventral view (C) of a whole Xenopus embryo. The dorsal half and the
ventral half of a Xenopus embryo after bisecting into halves along the DV axis at the blastula stage. This
figure is reproduced from Inomata, H. et al. 2013 with permission from Cell [5].

1.1.3. Types and examples of scaling
Pattern scale invariance among individuals of different species is called interspecies
scaling. For example, as shown in Fig 1.2A, the interspecies scaling of patterns of gap and
pair-rule gene expression can be traced back to the interspecies scaling of Bcd gradients
with blastoderm embryo size of Lucilia sericata, Drosophila melanogaster, and
Drosophila busckii, reproduced from Gregor, T. et al. 2005 with permission from PNAS
[6]. The scaling of Bcd gradients most likely depends on the species-specific effective
lifetime of Bcd. Pattern scale invariance among different individuals within a species is
called intraspecies scaling. For example, intraspecies scaling of A-P axis development in
Drosophila melanogaster is suggested as being achieved by scaling of anterior Bcd
production rate with embryo volume [7].
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Figure 1.2 Examples of three types of scale invariance.
(A) Interspecies scaling of the Bcd protein distribution in blastoderm embryos of Lucilia sericata, Drosophila
melanogaster, and Drosophila busckii, reproduced from Gregor, T. et al. 2005 with permission from PNAS,
Copyright (2005) National Academy of Sciences, U.S.A. [6]. Bcd immunofluorescence is stained (left). The
profiles of Bcd fluorescence intensity of Lucilia sericata, Drosophila melanogaster, and Drosophila busckii
are plotted with the abscissa relative to egg length (right). The overlap of Bcd intensity profiles of the three
species on the relative position plot is a sign of scaling. (B) Interspecies scaling of neural tube development
patterned by SHH in the zebra finch and the chick, reproduced from Uygur, A. et al. 2016 with permission
from Developmental Cell [14]. The transcription factors OLIG2 and NKX2.2 which is induced by SHH
morphogen activity, are stained at 27, 33 and 45 hour post headfold (hph). The expansion of OLIG2 and
NKX2.2 expression and the exclusion of NKX2.2 from floor plate appears more advanced in zebra finch
neural tube compared with chick neural tube. At 45 hph, the patterning is scaled between zebra finch and
chick neural tubes.

As a tissue or organ develops over time, the morphogen concentration changes until it
reaches quasi-steady-state. There are two types of scale invariance depending on the
dynamics of this process: steady-state scaling and dynamic scaling. Steady-state scaling
is the scaling of morphogen gradients of different individuals when morphogen
concentration no longer appreciably changes with time. Dynamic scaling is the scaling of
a morphogen gradient of the same individual with respect to tissue/organ size as the organ
grows. Dynamic scaling also includes the scaling of morphogen gradients of different
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individuals developing in a population such as sibling embryos in a single clutch at
different time points before steady-state. One example of dynamic scaling reports that the
Decapentaplegic (Dpp) gradient of Drosophila during the growth of the wing imaginal disc
depends on the regulation of Dpp capture and decay to ensure dynamic scaling [8]. That is,
the gradient of Dpp appears to change in direct proportion to the imaginal disc size.
Numerous examples of inter and intraspecies scaling have contributed to our
understanding of how scaling is achieved and how to measure systems to test for scaling.
The first experimental evidence of scaling in development was observed by Hans Spemann
back in 1923 [9]. Spemann bisected amphibian embryos into dorsal and ventral halves and
found that the dorsal half of the embryo developed normally up through the tadpole stage
(Fig 1.1). This simple experiment demonstrated the intrinsic robustness to size perturbation.
Scaling is also observed in Drosophila DV patterning, skin pattern formation in fish
pigmentation, and under bisection in goldfish embryo development [ 10 , 11 , 12 , 13 ].
Interspecies scaling of neural tube patterning between the zebra finch and the chick has
also been reported to be regulated by activating and repressive transcription factors of the
morphogen Sonic Hedgehog (SHH) (Fig 1.2B), reproduced from Uygur, A. et al. 2016
with permission from Developmental Cell [14].

Morphogen and pattern formation
1.2.1

Pattern formation

Why can some systems scale patterns to size while other systems cannot? To answer this
question, we need to know why patterns are formed during development. It is determined
by molecules called morphogen. Conceptually illustrated by the French flag model in Fig
1.3, morphogen is secreted from a source and form a non-uniform spatial distribution
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across the field of cells. Its spatial distribution will instruct cells to express corresponding
genes. Cells sense their position by the local morphogen level, activate specific gene
expression, turns into corresponding color blue, white and red in the French flag example,
and ultimately forms the overall flag pattern.

Figure 1.3 Illustration of pattern formation determined by morphogen gradient using the French flag
model.
Imagine the source of morphogen at the left most and morphogen is spread across the field of cells to the
right, forming a non-uniform distribution. The cells at different positions sense the local morphogen level
and turns into corresponding color shown below the cells, blue, white and red, and forms the overall flag
pattern.

1.2.2

Morphogen gradient

Morphogen gradients are formed by diffusion, advection and reaction. Diffusion is
movement of molecules from high concentration region to low concentration region.
Advection is the transport of a substance by the flow of the fluid, like a bottle drifting in a
river by flow downstream. In development, morphogen is the bottle and the cell that
morphogen is attached to or resides in is the river. Reaction in biology refers primarily to
the binding and unbinding of molecules with receptors and matrix as well as decay of
molecules.
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An intriguing aspect of scaling is that the reaction, diffusion, and advection equations
that capture the biophysics of morphogen gradient pattern formation DO NOT
automatically provide scaling and in fact the equations do not naturally have any
information about the size of the system that is being patterned. Each process or balance of
processes - diffusion, advection, and morphogen capture/decay contain a biophysical scale
that depends on the parameters of the process but not on the size of the system. Processes
have evolved to tune the biophysical parameters to adjust them in some relation to the
system’s size. Studies of scale invariance often focus on how biology solved the problem
by feedback that modifies the rates of diffusion or chemical reaction to adjust to the size of
the system.
Knowledge of scaling mechanisms provides information on how cells communicate over
distances, sense their positions, and how morphogen gradients work. This has impact in
our understanding of the regeneration of tissues and organs, and patterning at multiple
levels of organization from the cellular to the organism to the ecosystem scale [15].

Bone morphogenetic proteins (BMPs) and DV patterning
1.3.1

BMPs

BMPs are a group of growth factors. Mutations in BMPs, their modulators and receptors
are associated with a number of human diseases (Table 1.1). Because of the clinical
significance, we want to learn the formation of bmp gradient and how BMP pathway
impact signaling. The combination of expression domains and extracellular interaction
imparts shape to the BMP morphogen gradient.

7
Table 1.1 Diseases associated with BMPs in mammals
BMP ligands, regulators and receptors

Associated disease

BMP2/4

Prostate cancer

BMP7

Kidney disease

Chordin

DiGeorge, Velocardiofacial syndrome

mTolloid, BMP - 1

Atrial septal defect

Smad4, Type I/II receptors

Pancreatic cancer, Juvenile polyposis syndrome

The BMP morphogen gradients are established by a network of extracellular regulators,
especially the antagonists that bind and inhibit the ligand-receptor interaction (Fig 1.4).
The antagonists also facilitate the ligand diffusion in drosophila by the shuttling
mechanism, though this mechanism is not used in zebrafish [16, 17]. Chordin (Chd),
Noggin (Nog), and Follistatin (Flst), which are expressed at the dorsal side, sequester
BMP2/4/7 and ADMP and inhibit BMP signaling. Tolloid metalloproteinases (Tll1 and
Bmp1a in zebrafish; here we use Tld in abbreviation) cleave Chordin and they are
uniformly distributed along the embryo margin. This proteolytic process is competitively
inhibited by Sizzled. Feedback regulation plays an essential role, which affects the
expression of BMPs and regulators in an autoregulatory way not until the gastrula stage
[ 18 , 19 , 20 , 21 ]. BMP gradient formation has been studied and several potential
mechanisms for the gradient formation have been proposed among Drosophila [22, 23, 24,
25, 26], Xenopus [11, 27, 28], zebrafish [16, 29, 30, 31, 32, 33, 34] and mouse [35].
However, still little is known about the fundamental properties such as scale invariance of
the BMP gradient during vertebrate embryogenesis. Zebrafish system is a great model
species for this study. They develop fast, embryos are transparent and perfect for imaging,
the genome is well studied, and genes are highly conservative to those in human.
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Figure 1.4 Extracellular regulatory network of zebrafish dorsal/ventral patterning in gastrula stage.
Blue lines with flat end and arrowhead are negative and positive feedback loops, respectively. Black lines
are diffusion and modulator processes. Red scissors represent process of degradation.

As a member of the transforming growth factor (TGF) β superfamily, the intracellular BMP
signaling transduction starts from binding to the transmembrane receptor complex. BMP
binding results in the phosphorylation of the receptor-associated (r-) Smads 1, 5 (P-Smad5).
Activation of the r-Smads leads to the oligomerization with the common (co-) Smad. The
r-Smad-co-Smad complex then shuttles into the nucleus to regulate transcriptional BMP
signaling-related gene expression. It is difficult to directly measure the gradient of BMP
ligand concentration in Drosophila and zebrafish. Decapentaplegic (Dpp) is the Drosophila
homolog of vertebrate BMPs. An established linear relationship between the level of PMad and the level of fusion protein Dpp-GFP in Drosophila supports the use of the nuclear
fluorescence intensity of P-Smad as a direct readout of extracellular BMP in zebrafish [36].
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1.3.2

DV patterning

Figure 1.5 BMP gradient patterns the formation of head (A), trunk (B) and tail (C) in a temporally
order in gastrula stages.
This figure is reproduced from Tuazon, F. et al. 2015 with permission from Seminars in Cell &
Developmental Biology [37]. BMP signaling patterns DV cell fates progressively from anterior to posterior.
Anterior – Posterior (AP) and DV coordinates refer to the zebrafish gastrula embryos (A and B), which are
depicted with cells atop the yolk. The dashed box indicates the region of active DV patterning with the
corresponding portion of the body plan represented by the larval zebrafish (24 hpf). During gastrulation, cells
undergo epiboly wherein the multilayered tissue thins and spreads posteriorly to completely envelop the yolk.
(A) From late blastula to early gastrula stages (30 – 65 % epiboly), the most anterior tissues, i.e. the head,
are patterned. (B) As gastrulation proceeds, the region of active patterning progresses posteriorly (yellow
arrow). At mid-gastrula stages (65 – 85% epiboly), trunk tissues are patterned. (C) From late gastrula (85 –
100% epiboly) to early somitogenesis, the most posterior tissues, i.e. the tail are patterned.

Embryonic DV patterning is mediated by the extracellular distribution of BMPs. High
BMP signaling levels specify ventral cell fates such as blood, pronephros. Low or no BMP
signaling levels specify dorsal cell fates, such as neural, notochord [38]. BMP ligands
include BMP2/4/7 and ADMP. BMP4 expression is highest in the ventral side, while
ADMP expression is in the dorsal organizer. BMP2/7 are expressed ubiquitously initially
and then restricted to ventral and lateral region in gastrula stage. Patterning of DV tissues
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occurs during 4 to 10 hour post fertilization (hpf) in the late blastula / gastrula embryo [37,
39 ], in which the BMP gradient patterns the formation of head, trunk and tail in a
temporally order throughout gastrula stage as the embryo cells move down towards the
posterior end to cover the yolk (Fig 1.5).

Figure 1.6 An illustration of the effect of abnormal morphogen gradients on DV patterning.

Change in the morphogen gradient will ‘shift the flag’ and change the pattern. For example,
in Fig, BMP gradient higher than normal leads to ventralized adult fish with thick tail and
no head. In contrast, decreased BMP gradient can produce a dorsalized fish with shortened
twisted tail or no tail. Dorsalized phenotypes have been categorized into 5 classes of
phenotypes [33]. Phenotypes of C1 to C5 are in order from weakest to strongest. C1 larva
do not have tail fin. C2 larva do not have both tail fin and tail vein. C3 larva have no tail
fin, tail vein and yolk extension. C4 larva miss the tail. C5 phenotype is the severest in
which the yolk spills out of the embryo and the embryo lyses.
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Figure 1.7 Classes of zebrafish phenotypes.
This figure is reproduced from Mullins, MC. et al. 1996 with permission from Development [33]. (A) is a
WT Tu zebrafish. (B) is C4 phenotype: no tail. (C) is C3 phenotype: no yolk extension. (D) is C2 phenotype:
no tail vein. (E) shows a zebrafish tail part with tail vein. In contrast, (F) shows a zebrafish tail part with no
tail vein. (G) and (H) are C1 phenotype: no tail fin. (I) is C5 phenotype: the yolk spills out of the embryo and
the embryo lyses.

The scaling of DV patterning has been investigated in Drosophila and Xenopus. The DV
patterning of the early Drosophila embryo is controlled by a transcription factor, Dorsal.
The dorsal gradient in Drosophila was reported to correlate with embryo size along the DV
axis and is finetuned by genetic regulatory network interactions [ 40 ]. Data-driven
simulation showed that a model based on positive feedback of a secreted BMP-binding
protein, coupled with the experimentally measured embryo geometry generate results that
best match the population mean image data and can lead to the scaling DV patterning in
Drosophila.
In Xenopus, the shuttling of a particular BMP ligand, ADMP, by Chordin was reported
to play a role in the scaling of DV patterning according to simulation results [11, 28].
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Moreover, the Xenopus bisection assays reported that Sizzled is essential in DV axial
patterning in scaling embryos by dynamically controlling Chordin degradation and BMPdependent Sizzled production [5]. Dorsal half is so robust that it can scale DV patterns with
DV length (Fig 1.8B and D). In contrast, Fig 1.8F and H show that the embryo dorsal half
fails to scale DV patterns to DV with the depletion of Sizzled using sizzled-MO.

Figure 1.8 Essential role of the Chordin-Sizzled system in DV pattern scaling after bisection.
This figure is reproduced from Inomata, H. et al. 2013 with permission from Cell [5]. (A - H) Effect of
Sizzled depletion on DV marker patterns in bisection conditions. (A) through (D) show uninjected controls.
(E) through (H) show sizzled-MO-injected embryos. (A), (C), (E), and (G) show whole embryos. (B), (D),
(F), and (H) show bisected dorsal halves. (A), (B), (E), and (F) show dorsal views. (A), (C), (E), and (G)
show lateral views. (D) balanced shh and sizzled expression in 100%, n = 11. (G) shows dramatic sizzled
expansion in 100%, n = 20. (H) shows disproportionate reduction in sizzled expression in 100%, n = 12.

Gaps and Motivation
Although possible mechanisms of BMP gradient formation are available among
Drosophila, Xenopus, zebrafish and mouse, little is known about DV patterning scale
invariance and BMP gradient scaling during embryogenesis in vertebrates. In this
dissertation, comparing the gradient shape of different-sized fish embryos allows us to
identify the scale invariance phenomenon in vertebrate DV patterning and investigate
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formation of BMP gradients by perturbing size. A protocol has been developed for
reducing embryo size and evaluating scaling. It provides a new paradigm for discovering
scale invariant systems, investigating potential mechanisms and quantifying and
comparing the degree of scaling among different systems.
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2. MECHANISMS AND MEASUREMENTS OF SCALE
INVARAINCE OF MORPHOGEN GRADIENTS

The material covered in Chapter 1 and 2 on scale invariance has been accepted in a book
chapter of Methods in Molecular Biology in 2018:
Huang Y, Umulis DM (forthcoming in 2018) Methods and measurements of scale
invariance of morphogen gradients. Methods in Molecular Biology. New York City, US:
Springer.
This article has been reproduced to conform to the required dissertation format. This
chapter reviewed mechanisms and measurements of scale invariance of morphogen
gradients.

2.1

Methods

2.1.1

Mechanisms of scale-invariance for morphogen-mediated patterning of
advection-diffusion-reaction model

Theoretical studies on morphogen-mediated patterning provide important inspiration on
possible mechanisms of scale invariance and measures of scaling. In order to identify
mechanisms of scaling, mathematical equations are formulated for how morphogen
concentration changes throughout space as a function of time. In so doing, we can
understand how different processes interact, how system size is involved in these processes
and find mathematical conditions on how scaling is achieved.
The equations for morphogen distribution are constructed based on the principal of mass
conservation and involve three major processes discussed in introduction, diffusion,
advection and reaction. Suppose the molecular diffusion rate is independent of space; then
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in a one-dimensional system of length L the reaction transport equation for a morphogen
system in Cartesian coordinates is as follows [1]:
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(1. 1)
(1. 2)
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Here  is the concentration of the morphogen,  is time,  is the vector of the Cartesian
coordinate, ܦ ݎis the diffusion coefficient of the morphogen, ݒ௫ is the velocity of
cytoplasm or growing tissue that contributes to advection in the x direction, ݇ is the firstorder decay rate of the morphogen, ܴሺ݉ሻݎcontains all the reaction steps that affect m, ݍݎ
is the input molecular flux of the morphogen, and ݍ௨௧ݎis the output molecular flux of the
morphogen.
2.1.1.1 Diffusion-dominated transport
In many cases, the velocity of cytoplasm and the growing tissue is negligible, and the
transport of morphogen is diffusion-dominated. In these situations, the advection term can
be neglected and equation (1.1) can be simplified to:
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Setting x=0 as the source and x=L as a no flux boundary leads to equations (1.6) – (1.7)
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(1. 6)
(1. 7)

Assume an initial spatial distribution of zero morphogen, equation (1.4) is simplified to:
ሺǡ Ͳሻݎൌ Ͳ ݎ

(1. 8)
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To identify general mechanisms that lead to scale invariance, we introduce system size
௫

into the equations by defining a dimensionless space variable Ɍ ൌ ݎ. A dimensionless time
௧ݎ

variable ɒ ൌ ் ݎis also defined for time scale. Equations (1.5) – (1.7) are then rewritten in
terms of the two dimensionless variables:
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(1. 9)
(1. 10)
(1. 11)

Scaling will be achieved if and only if there is no explicit dependence on L in equations
(1.9) – (1.11), i.e. the system length terms in the diffusion, morphogen reaction as well as
morphogen flux processes can be cancelled out. Here, scale invariance is achieved if these
three terms ݇ ܶ,



 మ

and

 ݎ

are independent of .

ݎ

୫

In the scenario of steady-state or quasi-steady stateሺ ݎൌ Ͳሻ, assume linear decay,
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equations (1.9) – (1.11) can be written as:
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For large ݇ , small ܦ , the solution is approximately:
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Thesystem scales if  ିܮ ןଶݎ, and ݍݎןݎඥ݇ ܦ . Thus scaling is achieved by changes
ݎ

in the ratio of the effective morphogen removal rate ݇ or the effective morphogen
diffusion rate ܦ .
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2.1.1.2 Advection-dominated transport
Advection is dominated when the morphogen is not diffusive and mainly transported by
the growing tissue. This is the case if the morphogen or morphogen-ligand complex is
bound to the surface on cells or reside inside cells [41, 42, 43]. For example, advection in
a cell-bound ligand has been reported to contribute to ensure dynamic scaling of the Dpp
gradient in the Drosophila wing imaginal disc [44], and if the dispersal of morphogen is
dominated by advection, and the decay is linear to morphogen concentration, equations
௫

௧ݎ

(1.1) – (1.4) can be rewritten as follows, introducing variable Ɍ ൌ ݎ and variable ɒ ൌ ݎ்ݎ
yields:
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This has the solution:
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(1. 22)

The system scales if ݇ିܮ ןݎଵ ݎor ሺݒ௫ܮ ןݎሻ  רሺݍܮ ןݎሻ. This means that for scaling to
occur, biology must have targeted ݇ ݎto decrease as the domain gets larger. In both
derivations the requirements for scaling are captured by parameter groupings that dictate
the amplitude and the shape of the gradient and this is useful in global measures of scale
invariance discussed later herein.
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2.1.2

Measures of scaling

The most intuitive way to quickly estimate scaling is by plotting the morphogen gradients
on absolute x and normalized x/L graphs and test whether the normalization of position of
x to relative position on x/L plot improves the overlay of morphogen gradients around a
mean morphogen profile [8, 45, 46]. Fig 2.1 shows an example of morphogen scaling in
test and control systems. The French flag is often used as an illustration of pattern scale
invariance in accordance with the scaled morphogen gradients between a test and control.
The smaller French Flag is half the size of the larger French Flags in Fig 2.1C, in
correspondence to the relative length of test and control systems in Fig 2.1A. The lengths
of the control and the test after normalizing the position scale to an arbitrary unit of 1 are
the same (see Notes in section 2.3), as shown by the magenta and black lines in Fig 2.1B.
Compared to significant difference between morphogen gradients when plotted against
absolute position x in Fig 2.1A, the x/L graph in Fig 2.1B shows that the two morphogen
gradients converge. Consistent in Fig 2.1D, the patterns of the two flags overlay one
another after normalizing x to relative positions. Thus, the two systems appear to scale.

Figure 2. 1 Scaling of the sample morphogen gradient from control (black) and test (magenta).
The morphogen gradient profiles as a function of x (A) or x/L (B). m is the morphogen concentration. The
system length of the test (magenta) is half of the control (black), shown in (A) and scaled to equal
dimensionless length (B). The analogous French flags for scaling in absolute scale (C) and relative scale (D).
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2.1.2.1 Point-wise scaling error
A few metrics have been developed to measure the scaling error in order to quantify scaling
and compare the degree of scaling among different systems. One of the methods, pointwise scaling error, measures position shifts of the morphogen gradients of two systems at
certain points in x. Suppose there are two one-dimensional systems, one is the wild-type
system ܵ of size ܮ, and the other is the test system ܵ ᇱ of size ܮᇱ ሺܮᇱܮ ് ݎሻ. Fig 1.3A and B
display two examples. In Fig 2.2A-B, the figure in the center shows the morphogen
gradients of ܵ (in dashed line in blue) and ܵ ᇱ(ݎin dashed line in magenta) on x/L plot,
whereas the figure at the upper right corner provides the morphogen gradients on
unnormalized graph. Point-wise scaling error is measured by the position shift of the same
morphogen level between ܵ and ܵ ᇱ at selected relative positions in the x/L plot. Here, we
present the measurement of point-wise scaling error at the relative positions ݔଵݎൌݎ
ͲǤʹͷǡ ݔଶݎൌ ͲǤͷǡand ݔଷݎൌ ͲǤͷ:
1) Use the x/L plot of morphogen gradient of ܵ to measure the morphogen
concentrations at three relative positions, ݔଵ ǡ ݔଶ ݎand ݔଷ ݎand denote them as
ܶଵ ǡ ܶଶ ǡand ܶଷ ݎaccordingly. ܶଵ ǡ ܶଶ ǡand ܶଷݎare labeled on the left of Fig 1.3A and
1.3B.
2) In the x/L plot of morphogen gradient of ܵ ᇱݎ, find the relative positions
corresponding to morphogen levels ܶଵ ǡ ܶଶ ǡand ܶଷ , denoted as ݔଵᇱ ǡ ݔଶᇱ and ݔଷᇱ . The
distance between the relative positions of the two systems is called the point-wise
scaling error, denoted as ߜ ൌ ݔ െ ݔᇱ ǡ ݅  אݎሼͳǡ ʹǡ ͵ሽ. ߜଵ , ߜଶ , and ߜଷ are highlighted
with double arrow-headed lines in black in both Fig 2.2A and Fig 2.2B. The pointwise scaling errors of the example in Fig 2.2B are overall smaller than those of the
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example in Fig 2.2A, and thus ܵ and ܵ ᇱݎof Fig 2.2B scale better than ܵ and ܵ ᇱ of
Fig 2.2A.
ଵݎ

ଷݎ
ȁߜ ȁ. In the case of perfect
3) The average scaling error is measured by ߜ ൌ ଷݎσୀଵݎ

scaling, point-wise scaling errors and the average scaling error are all zero [47].
The average scaling error of Fig 2.2B is smaller than that of Fig 2.2A.

Figure 2. 2 An example of measuring point-wise scaling error.
A. Morphogen profile of the control system ܵ(ݎblue) and a test system ܵ ᇱ(ݎmagenta) system on x/L plot, with
the profile on x plot on the right-top corner. B. Morphogen profile of the control (blue) and another test (red)
system on x/L plot, with the profile on x plot on the right-top corner. The black horizontal arrow lines labeled
ߜଵ , ߜଶ , ߜଷݎare the scaling error of the test morphogen gradient at the relative position 0.25, 0.5 and 0.75,
respectively, in reference of the control. Taking the mean of these 3 scaling errors gives us the average scaling
error. The average scaling error of B is smaller than that of A.

The advantage of point-wise scaling error is that it is easy to understand and to calculate.
It is very useful for evaluating scaling for smooth simulation results. However, point-wise
scaling error cannot be measured if the morphogen level of ܵݎat a selected position does
not exist on the morphogen gradient of ܵ ᇱݎ. In addition, one condition required to make
sure the point-wise scaling error method is accurate is that the points chosen to calculate
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scaling error can represent the general shape of the morphogen gradients. The value of
scaling error highly depends on the relative positions chosen. The scaling error can appear
to be small if the local positions are selected in such a way that the morphogen gradients
are close to each other, i.e. ߜ is small.
2.1.2.2 Sensitivity factor
Instead of focusing on several local positions like point-wise scaling error, global methods
utilize the overall shape of the morphogen gradient. One of the global measurement
methods calculates a parametric sensitivity with respect to the length L and is called the
sensitivity factor. The sensitivity factor measures the position shifts continuously using the
global function of morphogen gradients. The sensitivity error is a measure of the local
sensitivity of pattern deformation corresponding to the changes of system size on
continuous morphogen profiles. Assume that the relative plot of a morphogen profile can
be depicted by functions ሺɌǡܮݎଵ ሻ and ሺɌǡܮݎଶ ሻ. For example, in Fig 2.3A, the control (black)
௫

and test (magenta) correspond to ሺɌǡܮݎଵ ሻ and ሺɌǡܮݎଶ ሻ respectively. Here Ɍ ൌ ݎ is the
dimensionless variable, ܮଵݎis the length of system number 1 and ܮଶ is the length of system
number 2. Given any ɌଵݎሺͲ  ݎɌଵݎ ͳሻǡݎݎɌଶݎݎሺݎɌଵ ǡ ܮଵ ሻݎൌ ሺݎɌଶ ǡ ܮଶ ሻݎൌ ܶǤA
ݎs
shown in Fig 2.3A, find ܶݎusing the red dashed line according to position Ɍଵ and then find
Ɍଶݎusing the red perpendicular line starting from the intersection of the red dashed line and
the magenta line. The relative position of the same morphogen level for perfect scaling is
the same, i.e. Ɍଵ ൌ  Ɍݎଶ . We measure the sensitivity of position shift in response to the
changes of system size

ஞమ ିݎஞభ
మ ିݎభݎ

as the ‘sensitivity error’, . If we assume a small variation

in  and in Ɍݎ, then we can apply a linear approximation: ሺɌଶ ǡ ܮଶ ሻ ൌݎሺɌଵ ǡ ܮଵ ሻ ݎ
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ᇱஞ ሺ Ɍଶݎെ  Ɍଵ ሻ  ᇱ ሺ ଶݎെ  ଵ ሻ. Thus, at positions where  ሺ Ɍଵ ǡ ܮଵ ሻ ൌ  ሺ Ɍଶ ǡ ܮଶ ሻ,  ൌݎ
ஞమ ିஞభݎ
మ ିభݎ

୳ᇲݎ

ൌ െ ୳ᇲైݎ.   Ͳ ؠfor perfect scaling [48].
ಖ

Figure 2. 3 An example of the sensitivity factor and scaling coefficient.
The Morphogen gradient profile on the ݔȀ ܮplot of the control is plotted in black line and that of the test is
plotted in magenta. (A). Given Ɍଵ ሺͲ  ݎɌଵ  ͳሻǡ the morphogen concentration of the control at Ɍଵ is T (red
dashed line). Find Ɍଶ where ሺ Ɍଵ ǡ ܮଵ ሻ ൌ ሺ Ɍଶ ǡ ܮଶ ሻ ൌ ܶ. (B) The absolute values of the test morphogen
profiles’ sensitivity factor ȁܵܧȁ is plotted in blue dashed line and the scaling coefficient ȁܵ ȁ is plotted in red
dashed line. The system length of the test is 80% of the control.

This sensitivity factor can be regarded as a correction of the scaling coefficient, which is
୳

୳

ିଵ ݎ

 ݎቁ ቀ  ୶ݎቁ
given as ܵ ൌ െ ቀ ݎ

୶

[49, 50]. Fig 2.3B shows the corresponding sensitivity

factor and scaling coefficient between the control and test morphogen gradients. As the
relative position increases, the difference between the morphogen concentration of the
control and the test go up, both the sensitivity factor and the scaling coefficient increase.
This method extracts the information of the whole morphogen gradient profiles and is
quantitative. However, this method only works when the three following conditions are
satisfied:
1) The variations of system lengths are small.
2) The position shifts of the morphogen gradient profiles are small.
3) The morphogen gradient profiles can be modeled as a function  ൌݎሺɌǡ ሻ.
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2.1.2.3 Scaling power
Another global method to determine scaling calculates a quantity called the scaling power.
According to He et al. [51], when an exponential function is used to fit the Bcd morphogen
gradient ሺߦǡܮݎሻݎൌ ݁ ିక , where M is bcd morphogen concentration, then scaling can be
determined by examination of A (the amplitude parameter) and Ȟ (the slope parameter).
பȀݎ

The scaling power is defined for the amplitude parameter as ݊ ൌݎபȀ and the scaling
பȀ

power of the slope parameter is defined as ݊ ൌݎபȀݎ. Then the analytical solution of
equation (1.23) is explored:
డሺǡకǡ௧ሻ
డݎ

=0

(1. 23)

Two cases are discussed. When scaling powers are 0, all positions satisfy equation (1.23).
In this case scale invariance is achieved. When scaling powers are not 0, only one position
satisfies equation (1.23) and this position is called the critical position.
In practice, we can derive scale invariance by showing that the scaling power of the
amplitude and the slope parameter are zero:
1) Find a function that fits best the morphogen gradients in study.
2) Generate (A, L) and (Ȟ, L) for each sample, where A is the amplitude parameter
and Ȟ is the slope parameter.
3) Derive the equations for ݊=ݎ0 by correlation between A and L. If A does not
significantly correlate with L, then ݊ =0.
4) Similarly, derive ݊ =0.
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5) Explore solutions for equation (1.23) and prove that (1.23) is always satisfied for
any position of ߦ within (0, 1) when ݊ =0 and ݊ݎൌ ͲǤThis result means the system
is scale invariant.
The scaling power method is useful in evaluating scale invariance because it takes the
overall gradient shape into account and is straightforward by mathematical derivation.
However, the method is harder to extend to general gradient shapes that don’t achieve the
same separation of amplitude and exponent that occurs for the classical exponential
gradient shape used to develop the scaling power.
In sum, measuring scale invariance and determining the mechanisms that lead to scaling
have provided several useful metrics to quantify scaling. In this chapter, we took a
theoretical view of the advection-diffusion-reaction model for morphogen patterning and
conditions that inform mechanisms of scaling. Then we offered perspectives on point-wise
and global measurement approaches of morphogen gradient scaling that others and we have
developed.

2.2

Notes

Normalization of the morphogen gradient impacts the calculation of scaling. Using
different normalization methods can lead to different conclusions. One of the normalization
methods called the ‘anchor point normalization’ pins the minimum and maximum of
individual profiles within a population and this may lead to erroneous attributions of
‘scaling’ as discussed by Brooks et al. [52]. Methods that integrate the area under the
concentration curve for a gradient and use that integral value for scaling systematically
alter scale invariance conclusions that are a byproduct of data normalization [34]. An
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alternative method for gradient data normalization, ‘control-normalization’ can be applied
to normalize samples stained and imaged on different days with different settings by
multiplying each set of samples with a scalar value [34]. This scalar value is calculated
using controls. For each set of samples, a group of controls should be imaged in conjunction
with corresponding experimental condition. The scalar value for sample sets imaged on
different days is determined by minimizing the sum of the error among the controls imaged
on corresponding days. After control-normalization, the gradient range of the population
average of each control group is rescaled to be within [0, 1].
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3. METHODS TO INVESTIGATE SCALE INVARIANCE OF DV
PATTERNING AND MORPHOGEN GRADIENTS

3.1

Introduction

To determine whether DV patterning has the property of scale invariance in zebrafish
embryos, and to answer whether embryonic DV patterning is robust in response to size
perturbation, we established a protocol to physically reduce the size of embryos. We
measure the BMP signaling gradient using quantitative imaging methods. We established
new metrics using mathematical and statistical approaches to quantify scaling. We
integrated the morphogen gradients we quantified with these scaling-evaluation metrics to
evaluate the degree of scaling in zebrafish DV patterning. This not only allows us to
identify the scale invariance phenomenon in zebrafish embryonic DV patterning but also
opens a window for us to further investigate the formation and regulation of BMP gradients
by perturbing size. Parallel to the question of whether DV patterning is scale invariant in
the species of zebrafish is the question of interspecies scaling of DV patterning. We
quantified morphogen gradients and degree of scaling of DV patterning between zebrafish
(Danio rerio) and another closely related species giant danio (Devario aequipinnatus,
abbreviated by Gd) in the Danioninae clade. Through experiments and quantitative analysis,
we provide a new paradigm for discovering scale invariant systems and investigating
potential mechanisms, as well as new metrics to quantify the degree of scale invariance
and compare scaling among different systems.
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3.2

Materials and methods

3.2.1

Vegetal yolk removal surgery

Embryo size is reduced by removing vegetal yolk during 16-cell to 256-cell stage at room
temperature. Maternally provided dorsal determinants are known to activate zygotic gene
expression cascades required for the formation of the dorsal organizer [53, 54, 55, 56]. At
20 minute-post-fertilization (mpf), a microtubule array forms and Syntabulin transports the
dorsal determinants to the plus end of microtubules. Around the 2-cell stage (60 mpf),
Syntabulin is not detectable by immunostaining and whole embryo lysate
immunoprecipitation, indicating the degradation of Syntabulin and the release of the dorsal
determinants into cells that are eventually incorporated by dorsal blastomeres [ 57 ].
Therefore, the surgery is conducted after 4-cell in order not to disrupt the delivery of dorsal
determinants from yolk to cells. Chorion protects the embryo from being destroyed by
surface tensions and is not removed during the yolk removal surgery. To do the surgery,
we hold a tungsten needle (0.125 mm ultra fine) and pierce across the chorion to go inside
the chorion without breaking it while stabilize the embryo by holding another part of the
chorion with forceps. Then we poke a hole on the vegetal yolk with the needle. The surgery
is conducted in 1X E3 medium in petri dishes bedded with 1% agar. The egg size is
controlled by removing various amounts of yolk. Yolk removed embryos are called "Cut"
while controls that do not have any treatment are called wild-type (WT).
3.2.2

Phenotype observation

Embryos grow in incubator at 28 °C for 24 hours after the surgery. In the 1X E3 solution,
10U/ml Penicillin and Streptomycin are added to protect embryos from bacteria infection
and Methylene Blue is added to prevent from fungus growth. Images of the embryos are
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taken under bright-field microscope at shield stage and 1 day-post-fertilization (dpf) to
observe phenotype along DV axis.
3.2.3

Imaging of P-Smad1/5

Embryos are fixed at shield stage with 4% paraformaldehyde at 4 oC, blocked in NCSPBST (10% fetal bovine serum, 1% DMSO, 0.1% Tween 20 in PBS), and probed overnight
with a 1:100 dilution of anti-phosphoSmad1/5/9 antibody (Cell Signaling Technology,
#13820s), followed by a 1:500 dilution of goat anti-rabbit Alexa Fluor 6470 conjugated
antibody (Thermo Fisher Scientific, Rockford, IL; Cat# A-21244, RRID: AB_2535812).
Nuclei is stained by sytox orange. Embryos were mounted in BABB (benzyl alcohol
(Sigma B-1042) and benzyl benzoate (Sigma B-6630), 1:2 ratio) and scanned using a Zeiss
LSM 800 confocal microscope 20X water len. The detailed protocol of immunostaining
and imaging has been published [34, 58 ]. As mentioned in introduction, P-Smad
fluorescence intensity is used as a readout of extracellular BMP.
3.2.4

Quantitative image analysis

The material covered in Section 3.2.4 on image analysis and measurement of image
acquisition noise has been accepted in a book chapter of Methods in Molecular Biology in
2018:
Zinski J, Tuazon F, Huang Y, Umulis DM, Mullins MC (forthcoming in 2018) Imaging
and quantification of pSmad in zebrafish blastula embryos. Methods in Molecular Biology.
New York City, US: Springer.
P-Smad gradient is quantified by applying cell segmentation, embryo alignment and
processing, and P-Smad labeling intensity extraction along the embryo margin [34]. The
marginal circumference of the embryo image is measured by extracting a margin region
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with a thickness of 60 μm and averaging the circumference of the shape. The measurement
of embryo size here is half of the margin circumference, denoted as . Note, ܮ௫ is the
half margin circumference of the biggest embryos. The circumferential position is
normalized to ܮ௫ . It is in the same range as the x axis of relative position plot Ȁ,
ሾͲǡͳݎሿǡݎto make the scaling errors with the same magnitude to evaluate scaling (Section
3.2.7).
To calculate the overall image acquisition error for our system, we imaged the same
embryo twice by repositioning the slide, re-identifying the embryo, and re-determining the
z-stack limits (Fig 3.1A-B). We paired individual nuclei from the first and second image
by finding the nonrepeating correspondence of the closest nuclei from each image (Fig
3.1C). Once nuclei had been paired, we measured the difference between them (Fig 3.1D).
After removing drop-off from photobleaching, an average overall image acquisition noise
had a normal distribution with a V = 6.4% f 0.3%, which includes positioning error and
detector noise (Fig 3.1D).
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Figure 3.1 Measuring the overall image acquisition noise.
(A) A 3-D display of all nuclei from a single embryo colored by a heatmap of P-Smad5 fluorescence. (B) A
3-D display of all nuclei from the same embryo as (A) that was re-positioned and imaged a second time and,
colored by a heatmap of P-Smad5 fluorescence. (C-D) Comparing P-Smad5 fluorescent intensity for each
paired nucleus as shown. (C) Correspondence of nuclei for the embryo imaged twice (blue- original image,
red- repositioned and re-imaged). (D) The overall image acquisition noise includes positioning error and
detector noise from the Hamamatsu R6357 photomultiplier tube on a Zeiss 710 confocal.

3.2.5

Data normalization and analysis

P-Smad gradient normalizations are conducted using control-normalization [52, 59]. WT
embryos are the control to normalize P-Smad morphogen gradients of zebrafish Cut and
WT. The control to normalize P-Smad gradients of Gd embryos are Gd embryos
themselves.
Here is the standard of discarding Cut embryos. I used the range of WT ventral P-Smad
labeling intensity as a reference of ‘normal’ range of ventral P-Smad labeling intensity for
filtering out Cut embryos. Specifically, I use the individual average data of each embryo,
and I obtained the range of WT ventral most relative P-Smad labeling intensity in range of
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[0.60, 1.43]. I then look at the two relative position nodes on the ventral size (x/L = 0 and
x/L = 1/17) and discard embryos with P-Smad out of the range of [0.60, 1.43] at these two
nodes.
3.2.6

Curve fitting morphogen gradients

Many mathematical functions including polynomial, exponential, Fourier, Gaussian, etc
have been tried to fit the morphogen gradients into smooth curves in order to represent the
global shape of the data. A variant of the Hill equation fits the shape of morphogen
gradients best (ܴ ଶݎͲݎǤͻͷሻ and is selected to model the data:
݉ൌݎ

ݎ

(2. 1)


್

ቀଵା ݎቁ

௫

 is the concentration of morphogen. z is the position, either relative position ߦݎሺߦݎൌݎ ሻ or
the absolute position scaled to ሾͲǡͳݎሿ
 by 

௫ݎ

. Parameter a represents the amplitude of the

ೌೣݎ

curve while the slope depends on the value of  and . The curve has a fixed point at ሺǡݎ
ݎ
ଶ

ሻ.

3.2.7

Evaluation of Scaling

To evaluate scaling, we applied point-wise scaling error (SE) [60]. We also developed a
method using the concept of global scaling power to evaluate the degree of scaling for
problems of intraspecies and interspecies scaling [50]. Before applying scaling-evaluation
metrics, we used the following equation to fit morphogen gradients with a smooth curve to
capture the overall gradient shape. It’s a variant of the Hill equation [61].
݉ൌݎ

ݎ


್ݎ

ሺଵା ݎሻ

( 2. 1 )
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According to He et al. [62], the scaling power for the amplitude parameter is defined as
பୟȀୟݎ

ݏ ൌݎபȀ, and the scaling powers of the slope parameters  and ݎare defined as ݏୠݎൌ
பୠȀୠݎ
பȀ

பୡȀୡݎ

and ݏୡ ൌݎபȀ. Then the analytical solution of the following equation is explored:
డሺǡకǡ௧ሻ
డݎ

ൌͲݎ

( 2. 2 )

The solutions are discussed in two cases. Case 1: when scaling powers are 0, all positions
satisfy equation (2.3). In this case scale invariance is achieved. Case 2: when scaling
powers are not 0, only one position satisfies equation (2.3) and this position is called the
critical position. In practice, we can derive scale invariance by showing that the scaling
power of the amplitude and the slope parameter are zero or very close to zero. In order to
solve (2.3) for case 2, substitute ݏ ǡ ݏݏݎ݀݊ܽݎ into (2.3), and get:







ೞ
డ ݎ௦ೌ ቀ್ቁ ାଵ൨ିቀ್ቁ ሾ௦ݎቀ್ቁି ್ ሿ
=
మ

డݎ
ቂሺ ሻ ାଵቃݎ

( 2. 3 )

್
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Substitute ߦ with  ൌ  ݎin (4), and get:
డݎ

=

డݎ

ೞ
௦ೌ ሾሺ௧ሻ ାଵሿିሺ௧ሻ ሾ௦ݎሺ௧ሻି ್ ሿݎ

ሾሺ௧ሻ ାଵሿమ

್

(2. 4 )

To calculate ݏ ǡ ݏ and ݏݎ, generate the vector of ሺݎǡ ܾǡ ǡ ሻ ݎfor each embryo and
combine all the vectors of all embryos into one dataset. Obtain the values by the slope from
linear fit of  vs , or b vs , or c vs (ݎFig 4.8 and Table 4.3). Then apply the values of
ݏ ǡ ݏ and ݏݎand the average value of ,  and ݎinto (2.4) will get the value of

the margin at ߦݎwithin ሾͲǡͳݎሿ.

డݎ
డ

along
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3.2.8

A point-matching algorithm for point set registration of partially
overlapping point clouds

The material covered in Section 3.2.8 has been published in 9th International Congress on
Image and Signal Processing, BioMedical Engineering and Informatics (CISP-BMEI
2016):
Huang Y, Umulis DM (2016) A Point Matching Algorithm for Point Set Registration. 9th
International Congress on Image and Signal Processing, Biomedical Engineering and
Informatics (CISP-BMEI 2016), pp. 756-760.
3.2.8.1 Challenge of image processing and our solution
Due to limits in the working distance of the confocal lens, the 3D image of a whole embryo
at late gastrula stage is too thick to capture. In order to solve this problem, we improve both
imaging and image processing:
1) Imaging: we image a half of the embryo, flip it and image the other half. This way,
we keep a portion of the embryo imaged in both halves: “overlapping points”.
2) Image processing: we try to merge the two images to get a whole embryo. To be
able to merge the two images, we need to match overlapping points in the two
halves, and find transformation using the overlapping points to align the two halves.
Here, we developed an algorithm called Signature to match overlapping points in two
partially overlapping images.
3.2.8.2 Background of point set registration
A point cloud or point set is a set of data points in space. Fig 3.2B is an example point
cloud of a 3D bunny. Point set registration is the process of assigning point-by-point
correspondence between two PCs (reference and target sets) and/or finding a spatial
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transformation that aligns PCs into one coordinate system. This is a crucial step in many
tasks including image registration, change detection or feature extraction. These techniques
are widely applied in computer vision, medical imaging, biological imaging and brain
mapping, military automatic target recognition, and compiling and analyzing images and
data from satellites [63, 64, 65, 66, 67, 68, 69, 70]. For example, it has been used in optical
character recognition [69, 71 ] and aligning data from magnetic resonance imaging
with computer aided tomography scans [72, 73].

Figure 3.2 A 3D image of a bunny and a point cloud of a bunny.
(A) the surface image of the “Stanford Bunny”. This figure is obtained from Stanford Computer Graphics
Laboratory [74]. (B) the Point cloud of the “Stanford bunny”.

Data obtained with different measurement parameters, such as from different sensors, times,
depths, or viewpoints, usually contain both overlapping and non-overlapping points
[75]. Our main interest is on registering these partially overlapping PCs. A well-known
standard algorithm to solve 3D point cloud alignment is the iterative closest point (ICP)
algorithm of Besl and McKay [76]. It is an iterative algorithm that assigns correspondences
based on the closest distance criterion and finds the least-squares rigid transformation
between the two PCs. Trimmed Iterative Closest Point (TrICP) is one variant for partially
overlapping PCs [77, 78]. Yet it only finds local optima and therefore usually requires that
the initial position of the two PC be adequately close. To overcome the limitations of ICP
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algorithms, many probabilistic methods have been developed [79, 80]. One of the most
recent methods, Coherent Point Drift (CPD) is able to align PCs with flexible initial
positions as well as with noise and outliers [81]. But it needs nearly 100% overlapping
regions. To overcome the limits of the current methods, we developed a point matching
algorithm called ‘‘Signature’’ which can serve to pre-condition available registration
methods. This algorithm is designed for partial overlapping datasets and aims to assign
point-by-point correspondence by geometric features regardless of initial positions. The
registration methods discussed in this chapter are shown in Table 3.1.
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Table 3.1 Description of Registration Methods
Method

Ways to Align PCs

Trimmed
Trim the PCs to subset of closest
Iterative
pairs and find the least-squares
Closest Point
rigid transformation [15]
(TrICP)
Build the Gaussian Mixture
Model (GMM) centroids from one
Coherent

PC and iteratively fit the GMM

Point Drift

centroids to the other PC by

(CPD)

maximizing the likelihood
function of a set of parameters of
the GMM centroid locations [18]

Anchor Point

Find the transformation for three

Alignment

points that are not on the same

(APA)

line
Apply Signature and then TrICP:
Identify a subset of overlapping
points by Signature, find the

SigTrICP
transformation for the subset by
TrICP, and align PCs with this
transformation
SigCPD

Apply Signature and then CPD

SigAPA

Apply Signature and then APA
Randomly select a subset of

RandCPD

points and find the transformation
by CPD
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3.2.8.3 Signature algorithm
Here we propose a new algorithm that can robustly match pairs between two PCs from the
same object, called ‘‘Signature’’. For noise-free data, if all the points in the two PCs can
be linearly transformed one on the other, we call the two PCs fully overlapping and the
points from the two PCs that overlay are called corresponding points. If only a proportion
of the points in each set overlap, we refer to the two PCs as partially overlapping. We call
the points in the same PC in the overlapping area overlapping points. The overlapping ratio
of one PC is calculated as the ratio of the number of overlapping points versus the total
number of points in this PC.
First consider the case of two fully overlapping noise-free PCs. The basic idea of the
Signature algorithm is that, for each point in one PC, we calculate its distances to all the
other points in the same PC and sort the distances from the shortest to the longest. This
series of distances is regarded as the full length ‘‘ID’’ of this point (Fig 3.3A). The number
of distances in this sorted distance series is called the length of the ID. A trimmed ID of a
point is defined as a distance series with only the distances of this point to a select number
of the closest neighboring points instead of all the other points in the same PC. A trimmed
ID is usually used instead of the full ID because it is simpler (step 4 - 5 of the algorithm).
The trimmed ID of a point, consisting of the distances to the first several closest
neighboring points, is sufficient to generate a unique ID from other points in the PC.
In contrast with the fully overlapping PCs, in two partially overlapping PCs, the ID of
the corresponding points are not exactly the same because the ID includes distances to nonoverlapping points and these distances would be different.
We calculate the difference between two IDs using the Sum of the Squared Error (SSE)
(step 6 of the algorithm). For each point in one PC, we calculate the SSE between its ID

38
and the ID of each point in the other PC. The pair with the minimal SSE is identified as the
corresponding points.
Noise here takes the form of perturbations of the positions of points. Two ‘noise-free’
datasets have no positional perturbations in their points and thus can be perfectly overlaid
by proper rotation and translation. Taking noise into consideration, even if the two PCs are
fully overlapping, the ID of the corresponding points are not exactly the same. However,
we can still make the computer regard the IDs of two points in two PCs as “identical” by
instructing it to tolerate a certain extent of ID difference, or a threshold SSE. In fact, in two
partially overlapping PCs, the trimmed IDs of the corresponding points are also likely to
be different due to the existence of non-overlapping points. Thus, it is necessary to set this
SSE threshold even if the PCs are noise-free. Another filter to improve the accuracy of
matching corresponding points apart from the ID error threshold, is the filter of inconsistent
pairs (step 8 of the algorithm). The inconsistent pairs are defined as below. Given two
partially overlapping PCs, ଵ and ଶ, we identify the points in ଶ corresponding to points
in ଵݎwhen varying the ID length from short to long; if the point in ଶݎidentified under the
current ID length corresponds to a different point in ଵ from that under the previous
(shorter) ID length, we call the pairs ‘‘inconsistent’’.

Figure 3.3 Signature algorithm.
(a) The calculation of a point ID in ଵݎand ଶ . (b, c) Correspondent points identified under ID length of 2 and
3 are connected in red lines. The points connected in dash line in (b) fail to match ID at length of 3 (c) and
are thus inconsistent pairs that will be eliminated. Once the correspondent points are identified, we can use
them to find the transformation that rotate ଵݎonto ଶ .
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Algorithm 1. Signature:
Given two partially overlapping PCs ଵ and ଶ, the total number of points in each is ଵ and
ଶ , respectively, and assume ଵݎ൏ ݊ଶ .
1) For each point ଵǡ୦ in ଵ, calculate its distance to all the other points in ଵ, ଵǡ୩ǡ୧ݎሺݎൌݎ
ͳǡʹǡݎǥݎǡݎଵ ሻ. Denote  as the index of the point in ଵݎሺͳݎݎݎݎଵ ).
2) Sort all the distances from small to large and thus obtain an ‘ID’ (a distance map) for
ଵǡ୦.
3) Do 1) - 2) for each point ଶǡ୩ݎin ଶ. Denote ݎas the index of the point in ଶݎሺͳݎݎݎݎ
ଶ ) (Fig 3.3A).
4) Trim the IDs of each point in ଵ to a predetermined length , (i.e., keep distances to
భ

ݎכ
כ
a certain number of closest points). Denote the full sorted ID by ൛ଵǡ୦ǡ୧
ൟଵ( ݎଵǡ୦ǡଵݎ
ݎ
୪ୣ୬ݎ

ݎכ
ݎכ
כ
כ
כ
ଵǡ୦ǡଶݎ
ڮ
 ݎଵǡ୦ǡ
ሻݎand the trimmed sorted ID by ൛ଵǡ୦ǡ୧
ൟଵ ( ݎଵǡ୦ǡଵݎ
 ଵǡ୦ǡଶݎ
ڮݎ
భ
כ
ሻ.
ଵǡ୦ǡ୪ୣ୬
୪ୣ୬ݎ

כ
כ
5) Do 4) for each point  in ଶ ݎand obtain the trimmed sorted ID ൛ଶǡ୩ǡ୧
ൟଵ ( ݎଶǡ୩ǡଵݎ
ݎ
כ
כଶǡ୩ǡଶ ڮݎ ݎଶǡ୩ǡ୪ୣ୬
ሻ.

6) For each point in ଵ, calculate the Sum of Squared Error (SSE) between the ID of ଵǡ୦ݎ
and the ID of each point in ଶ.
୪ୣ୬ݎ
ݎכ
ଶ
୦ǡଵݎൌ  
 ݎሺݎכ
ଶǡଵǡ୧ െ ଵǡ୦ǡ୧ݎሻ
୧ୀଵݎ

ǥݎ
୪ୣ୬ݎ
כ
ݎכ
୦ǡ୬మ ݎൌ  
 ݎሺଶǡ୬
െ ଵǡ୦ǡ୧ݎ
ሻଶ
మ ǡ୧ݎ
୧ୀଵݎ
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7) Find the minimal SSE for each point in ଵ and record the correspondence.
8) Threshold the ID error and filter the inconsistent pairs (Fig 3.3B-C).
9) Repeat 4) - 8) varying the ID length.
10) Find a proper length of ID. Generate a few different lengths of ID, ଵ , ଶ ,…, ୫ ,
in the range of 0~10% of ଵ(ݎm is a positive integer, and 0~10% is a good range to find
a proper length of ID based on the data we tested). Apply Signature to align the PCs
with each length of ID. The length of ID corresponding to the max value of the rate of
consistent pairs is the optimal length of ID. Rate of consistent pairs, ୡ୭୬ , is calculated
as below,
୬

ୡ୭୬ݎൌ ݎౙݎ
୬ሺ ሻݎ
మ

(3. 1)

ୡ୭୬ is the number of consistent pairs identified by Signature using ୧ାଵ and ୧ (i
is a positive integer).
3.2.8.4 Performance of Signature
We used data from two sources to test the performance of Signature: the computersimulated ‘Stanford’ bunny [74] and zebrafish embryonic images with nuclei fluorescently
stained. We used a smaller dataset of the bunny by randomly deleting ¾ of the points
because it reduces the number of calculations. We created two partially overlapping PCs
from one whole image by splitting it into two halves with an area of overlapping points.
We then rotated one of the PCs by multiplying the dataset with a rotation matrix   so that
the two PCs are not initially aligned. This PC can be rotated back to align with the other
PC by multiplying with the reverse of   which we call  ୋ୰୭୳୬ୢݎ୰୳୲୦. In order to find the
right rotation matrix to align the two PCs, we combine Signature with registration
algorithms, TrICP, CPD, and APA (Table 3.1) [71,74].

41
We use ୫ୟ୲ୡ୦ݎto evaluate the accuracy of pair matching. It is calculated as the ratio of
the correctly matched pairs versus all the pairs matched. We use ୰୭୲ୟ୲ୣ to evaluate the
accuracy of transformation, assuming the two PCs have been preprocessed so that they can
be aligned with only rotation and no translation. ୰୭୲ୟ୲ୣݎis the norm of the difference of the
computed rotation matrix and the ground truth rotation matrix divided by 9 [82, 83]:
ฮୖౙౣ౦౫౪ౚ ିୖృ౨౫ౚ౨౫౪ ฮ

୰୭୲ୟ୲ୣݎൌݎ

భݎ

ଽ

ቀσయసభݎσయౠసభหୡౠ ିౠ หቁ

ൌݎ

ଽݎ

(3. 2)

 ୡ୭୫୮୳୲ୣୢ and  ୋ୰୭୳୬ୢݎ୰୳୲୦ݎare the computed and ground truth 3*3 rotation matrices,
respectively.

୧୨

and  ୧୨ are the (i, j) elements in the computed and ground truth rotation

matrices, respectively.
We generated two PCs for alignment and show them in different colors and symbols,
blue circles and red dots. Note that the two sets ‘interweaving’ is a sign of a good
alignment. There was no noise added in Fig 3.4- 3.5.
Fig 3.4A-C are the output images from the same initial input images shown in the black
box in Fig 3.4C using three different registration methods, CPD, RandCPD and SigCPD,
respectively. SigCPD aligns the PCs well while CPD and RandCPD do not. In Fig 3.4D,
the green line with star markers shows that RandCPD performs poorly (high ୰୭୲ୟ୲ୣ)ݎ
irrespective of the overlapping ratio. The blue line with dot markers shows that CPD
performs well (୰୭୲ୟ୲ୣ <0.05) only when the overlapping ratio is close to 1. In contrast, the
red line with triangle markers in Fig 3.4D shows that SigCPD aligns PCs accurately even
with a low overlapping ratio (error < 0.01), here as low as 15%. CPD aligns PCs based on
global geometry and thus requires high global similarity or a high overlapping ratio
between the point sets. Preprocessing with Signature enables CPD to align partially
overlapping PCs by providing CPD two highly overlapping subsets of points.
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Figure 3.4 Aligning two bunny PCs with different overlapping ratio and a fixed initial angle of 10°.
Results of Aligning two PCs with CPD (A), RandCPD (B) versus SigCPD (C). A-C, The overlapping ratio
in the blue and red PCs are 100% and 52%, respectively. The bunny in the black box (C) is in the initial
position with an angle of 10°. D, ୰୭୲ୟ୲ୣݎof CPD, RandCPD and SigCPD for aligning two PCs with different
overlapping ratios and with an initial angle of 10°.

Fig 3.5A-E are the output images from the same initial input images shown in the black
box of Fig 3.5E using five different methods, TrICP, SigTrICP, SigAPA, RandCPD and
SigCPD, respectively for aligning two bunny PCs with an angle of 60° and a fixed
overlapping ratio. Fig 3.5B, C and E show a good alignment using SigTrICP, SigAPA and
SigCPD respectively while TrICP and RandCPD perform poorly in Fig 3.5A and D.
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Figure 3.5 Alignment of two PCs with different initial angles and a fixed overlapping ratio (25% for
the red PC, 21% for the blue PC).
A - E shows the performance of TrICP, SigTrICP, SigAPA, RandCPD and SigCPD. The initial angle between
the PCs is 60°, in the black box in E. F, initial SSE between the two PCs with different initial angles. G,
୰୭୲ୟ୲ୣ of aligning PCs with different initial angles using TrICP (1), SigTrIC (2), RandCPD (3) and SigCPD
(4). H, ୰୭୲ୟ୲ୣ of aligning PCs with different initial angles using SigAPA.

Fig 3.5F plots the SSE of the initial inputs of two PCs with different the initial angles
and a fixed overlapping ratio. The two peaks of the SSE curve with angles closest to 0° (or
360°) are at 40° and 320°. Consistently, in Fig 3.5G, line 1 shows high ୰୭୲ୟ୲ୣ of TrICP in
the range of (40°, 320°), indicating that TrICP is unable to align the two PCs with initial
angles in this range. This is because TrICP iterates to optimize the solution, and any initial
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angle larger than 40° or smaller than 320° will trap the result in the local minima instead
of the global minima at 0°. In contrast, line 2 has a broader range of close-to-zero ୰୭୲ୟ୲ୣݎ
than line 1, indicating that SigTrICP relaxes the constraint on the initial position. Line 3
shows that RandCPD performs consistently poorly, while line 4 shows good performance
of SigCPD like SigTrICP. Fig 3.5H uses an extremely small scale in the y axis and it shows
that SigAPA is robust with any initial position (error close to 0) because Signature only
uses intrinsic features of each PC to match overlapping points. Yet SigAPA can only align
noise-free data. The advantage of combining Signature to alignment algorithms over
alignment algorithms alone for PCs at very close initial positions is that preprocessing with
Signature shortens the alignment time by intelligently selecting a highly overlapping subset
of points.
To test the performance of different methods against noise, we manually add noise in
the form of positional perturbations to one of the two PCs. We create 5 PCs from the
original ଵݎby adding random noise at 5 different levels (5 - 75%). Table 3.2 shows the
equation of noise addition in 1D space as an example. ൫

୦ǡ୩ ൯

is the closest distance

between two points in ଵ and r is a value randomly generated from a standard normal
distribution.
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Table 3.2 The equations of 1D noise addition
Noise Level (%)

Noise Addition

5

୬୭୧ୱ୷ݎൌݎݎͲݎǤͲͷݎכݎ൫୦ǡ୩ ൯ ݎ ݎ כ

10

୬୭୧ୱ୷ݎൌݎݎͲݎǤͳͲݎכݎ൫୦ǡ୩ ൯ ݎ ݎ כ

25
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Fig 3.6A is the output images of aligning bunny PCs with SigCPD at a noise level of
100% with the initial input images in the right-upper corner. The noise for x, y and z of
each point in the blue PC is added randomly following a standard normal distribution and
the maximum noise equals to 100% of the closest distance between two points in the blue
PC. Fig 3.6A displays that a good alignment by SigCPD. Similarly, Fig 3.6B shows a good
alignment of the fish embryo PCs by SigCPD at a noise level of 10% with the initial input
images in the right upper corner. These indicate that SigCPD is robust to a certain level of
noise. Meanwhile, SigCPD is more robust in aligning noisy bunny data than aligning noisy
embryo data because the cells on the embryo distributes close to evenly and their IDs are
similar. SigTrICP performs similarly to SigCPD in aligning the bunny data but poorly in
aligning the embryo data (data not shown). We have also tested the data with TrICP,
RandCPD and SigAPA but they align poorly (data not shown).
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Figure 3.6 Alignment of noisy datasets with SigCPD.
(A) Bunny dataset. The overlapping ratio of the red dataset is 25% and the initial angle between the red and
blue datasets is 70°, shown in the right-upper corner. The noise is added randomly following a standard
normal distribution with variation of 100% of the closest distance between two points in the blue PC. (B)
Embryo dataset. The initial two PCs are generated from the same fish embryo. The overlapping ratio between
the two PCs is 76% and the initial angle is 10°, shown in the right-upper corner. The noise for this scene is
added randomly following a standard normal distribution with variation of 10% of the closest distance
between two points in the same PC.

3.2.8.5 Discussion of Signature algorithm
We introduced a point matching method for rigid PC alignment and registration, called the
Signature algorithm. We consider the matching of corresponding points as a problem of
matching ID. The ID here is an array of distances to a number of closest neighbors in the
same PC. Core to our method is the identification of corresponding points between PCs by
their intrinsic geometric properties, which are independent of the relative positions of the
two PCs.
We have tested Signature on synthetic examples of computationally generated PCs and
of fluorescence images of biological samples. We have compared the performance of
registration algorithms, TrICP (point-wise) and CPD (topological), with and without the
preprocessing of Signature. Signature shows robust and accurate performance in finding
the correspondence of points with respect to any initial position, low overlapping ratio and
moderate noise levels.
Regarding point-wise registration algorithms, this process can relax their constraint of
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initial positions by providing g a subset of pairs that are highly overlapping and by moving
the positions of the PCs closer to the global optima. Furthermore, the highly overlapping
subset of points provided by Signature enables topological registration methods such as
CPD to align partially overlapping PCs with less similar geometry.
Signature can match points and to improve the performance of registration methods and
thus contribute to tasks including image fusion and detection of feature or change, which
have wide and significant applications in real life. It can possibly be applied to create
panoramic/fused images in fields such as medicine, biology, astrophotography and
archaeology, to retrieve information about a CAD model for manufacturing and inspection
applications, and to detect changes from PCs obtained from different times or treatments
for research or clinical purposes [84, 85].
Simple as it is, the Signature algorithm requires points to have relatively low
noise/deviation of positions among the pairs in the two PCs. Although it saves the time of
alignment, the preprocessing itself is computationally expensive.
Improving point matching based on other features, and automating the algorithm are
possible future directions. Other features such as the angles between points, the orientation
of the lines linking the two points matched could be incorporated to make it more robust.

48

4. RESULTS OF SCALE INVARIANCE OF DV PATTERNING AND
MORPHOGEN GRADIENTS

The material covered in Chapter 4 will be submitted to journals in 2018:
Yan Huang, David Umulis. Scale invariance of dorsal-ventral patterning and morphogen
gradients. Submitting.
4.1

Intraspecies scaling in zebrafish embryonic DV patterning

We generated Cut embryos by removing vegetal yolk at cleavage stage and split the eggs
into two groups, one group of eggs fixed at shield stage for staining, the other group grows
in the incubator to observe phenotypes at 1 dpf. There are embryos after removing yolk
both significantly smaller than WT and display proportional DV axis same as WT. Fig
4.1A shows the relative size of fluorescently stained WT and Cut embryos. Most of the Cut
embryos are 20~30% smaller than WT embryos in length, i.e. 50~70% smaller in volume.
The size variation within WT embryos is about 20%. The Cut embryos are 20% smaller
than WT on average and the smallest Cut embryo is 50% smaller than WT. Sample size of
WT and Cut are 24 and 50 respectively. Fig 4.1B plots the frequency of Cut embryos to
display different phenotypes after yolk removal surgery. Over 30% of the Cut embryos that
are 30~50% smaller than WT display normal phenotype, and the ratio is higher than 50%
for Cut embryos that are 0~30% smaller than WT. This shows the existence of DV pattern
scale invariance among zebrafish embryos of different sizes.
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Figure 4.1 The Cut embryos are significantly smaller than WT while display scaled version of DV
patterning.
(A) The boxplot of relative egg sizes of P-Smad stained embryos. From left to right, they are all WT (N =
24), all Cut (N = 50) and the Cut embryos that pass the filtration rules (N = 20). (B) The bar plot shows the
frequencies of different phenotypes of Cut larvae at 1 dpf. Normal: DV proportions same as wild-type. Class
1~5: dorsalized phenotypes from weakest to strongest, with the proportions of DV axis tissues different from
WT or some tissues along DV axis missing. The definitions of these 5 classes of phenotypes are inherited
from Mullins et al. Class 1: no tail fin. Class 2: no tail vein. Class 3: no yolk extension. Class 4: no tail. Class
5: the yolk spills out of the embryo and the embryo lyses [33]. Here, I also combined the number of embryos
that look ventralized to Class 5 category.

Fig 4.2 shows normal phenotype and other phenotypes among Cut at 1 dpf. Fig 4.2 A and
B are the same WT embryo at shield stage and 1 dpf in comparison. The Cut embryos if
Fig 4.2 are fixed at the same time when WT grows to shield stage (6 hpf). Cut embryo in
Fig 4.2C is about 13% smaller in length and 33% smaller in volume than WT embryo in
Fig 4.2A. However, this Cut embryo displays normal phenotype at 1 dpf. This is an
example of pattern scale invariance among zebrafish embryos of different sizes. There are
other phenotypes after yolk removal (Fig 4.2 E - P). Fig 4.2F, H, J, L, N corresponds to C1,
C2, C3, C4 and C5 phenotypes, from weakest to strongest in terms of dorsalization. Fig
4.2P shows a Cut larva with no head, appearing to be ventralized.
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Figure 4.2 Lateral view of live WT and Cut embryos at shield stage and 24 hpf under bright-field
microscope.
A Tu WT embryo imaged at shield stage (A) and at 24 hpf (B). A Tu Cut embryo displaying normal
phenotype at shield stage (C) and at 24 hpf (D). A Tu Cut embryo displaying C1 phenotype (no tail fin) at
shield stage (E) and at 24 hpf (F). A Tu Cut embryo displaying C2 phenotype (no tail fin and tail vein) at
shield stage (G) and at 24 hpf (H). A Tu Cut embryo displaying C3 phenotype (no yolk extension) at shield
stage (I) and at 24 hpf (J). A Tu Cut embryo displaying C4 phenotype (no tail) at shield stage (K) and at 24
hpf (L). A Tu Cut embryo displaying C5 phenotype (the embryo lyses) at shield stage (M) and at 24 hpf (N).
A Tu Cut embryo displaying ventralized phenotype (no head) at shield stage (O) and at 24 hpf (P).

4.1.1

Metric 1: Morphogen gradients on relative and absolute position plots

We quantified P-Smad gradient from fluorescence image of the P-Smad stained embryos.
Fig 4.3 gives an example of the embryo point cloud with P-Smad labeling intensity in color
for WT and two Cut embryos. The Cut embryo shown in Fig 4.3B and E displays similar
P-Smad gradient as the WT embryo in Fig 4.3A and D, while the ventral P-Smad labeling
intensity of the Cut embryo in Fig 4.3C and F is much lower than that of the WT embryo.
First, we analyzed the full dataset of all the embryos imaged without any filtration. Fig
4.4A and B shows the errorbar plot of population mean P-Smad gradient of WT and Cut
embryos on absolute position plot ( Ȁ୫ୟ୶ ݎplot) and Ȁ plot, respectively. No
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improvement in overlapping between WT and Cut is observed on Ȁݎplot compared to the
plots on Ȁ୫ୟ୶ plot.

Figure 4.3 The animal and lateral views of P-Smad stained embryo point clouds after image processing
with P-Smad labeling intensity in color.
(A) and (D) The animal and lateral view of a P-Smad stained WT embryo. (B) and (E) The animal and lateral
view of a P-Smad stained Cut embryo that displays similar P-Smad gradient as the WT embryo. (C) and (F)
The animal and lateral view of a P-Smad stained Cut embryo with ventral P-Smad much lower than that of
the WT embryo.
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Figure 4.4 P-Smad gradient profiles of all the embryos of Cut (red) vs WT (black).
(A) Population mean P-Smad gradients of WT and Cut on x/Lmax plot with variation shown by error bar. In

each embryo, the P-Smad levels of cells are averaged among cells that are nearby within an interval of ౣ౮
ଵ଼ݎ
in length. P-Smad labeling intensities of all embryos of the same group at the same absolute position are then
averaged to plot the errorbar on each position node. There are 17 points instead of 18 points on the average
P-Smad gradient errorbar plot of Cut because the lengths of Cut embryos are all smaller than those of WT.
(B) Population mean P-Smad gradients of WT and Cut on Ȁݎplot with variation shown by error bar. (C) PSmad signal of each embryos grouped by 10º interval in dots on x/Lmax plot, WT in black, Cut in red. (D) PSmad signal of each embryos averaged by 10º interval in dots on x/L plot, WT in black, Cut in red. Each dot
corresponds to an average of P-Smad signals of all cells within every 10º along the margin within one embryo.
Notes: The sampling of (A) and (B) are different, which explains the different shapes of (A) and (B). (A)
averages data within an interval of every certain distances along the margin, while (B) averages data within
an interval of every certain angles along the margin circle. (A) and (B) are plotted just for metric 1. Analysis
of scaling with other metrics samples data the same way as (B), i.e. averaging P-Smad signal of cells within
every 10º along the margin for each embryo.

According to Fig 4.1B and 4.2, we know that a proportion of embryos after yolk removal
grows normally while others do not, either dorsalized, ventralized or lysed. Thus, the Cut
embryos imaged is a mixture of normal and abnormal embryos. We then filter out the
embryos with ventral P-Smad labeling intensity higher or lower than the range of ventral
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most P-Smad labeling intensity of WT embryos using the same rules for all datasets. The
rules are:
1) The Cut embryos with peak P-Smad relative intensity beyond the range of the peak
P-Smad labeling intensity of WT embryos ([0.60, 1.43] after normalization) are
discarded.
2) If the difference of P-Smad relative intensity between ventral and dorsal half is less
than 0.2 after normalization, the Cut embryo is discarded. As a result, we discarded
30 Cut embryos and remained 20 Cut embryos.
The ratio of Cut embryos remained vs total number of Cut embryos imaged is 40%, which
is close to the average frequency of normal phenotypes at 1 dpf among cut embryos. Fig
4.5B shows P-Smad gradients of Cut embryos that are remained after filtration and Fig
4.5C shows P-Smad gradients of Cut embryos that are discarded.

Figure 4.5 Filtering Cut embryos using global rules on peak intensity and difference between ventral
and dorsal average P-Smad level.
(A) Scatter plot of P-Smad signal of WT embryos. (B) Raw data of P-Smad signal of Cut embryos that pass
the filter and remained for latter analysis on x/L plot. (C) Raw data of P-Smad signal of Cut embryos that are
filtered out on x/L plot. Each point is an average of P-Smad signals of all cells within every 10º along the
margin for one embryo.

Fig 4.6 plots P-Smad gradients of WT and remained Cut embryos after the filtration.
Compared to P-Smad gradients of Cut and WT embryos on absolute position plot (Fig
4.6A), the P-Smad gradients of WT and Cut embryos converge better on Ȁ plot (Fig
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4.6B). The scatter plot of average P-Smad relative fluorescence of each WT and Cut
individual embryo on Ȁ plot (Fig 4.6D) also shows a better overlapping than that on
x/ܮ௫ݎplot (Fig 4.6C), especially on the relative positions in range of 0.2 to 0.4. T test has
been conducted between WT and Cut P-Smad relative fluorescence at each space node for
the 9 ventral lateral space nodes on Ȁ plot and on x/ܮ௫ݎplot. To further confirm the
improvement of overlapping on Ȁݎplot, T test is not conducted at dorsal space nodes
because the P-Smad labeling intensity of dorsal regions are close to zero, and several Cut
embryos are much smaller than WT embryos and they do not have P-Smad labeling
intensities at the absolute length in the other space nodes. The p values of the t test for WT
and Cut P-Smad labeling intensities at all the 9 space nodes on Ȁ plot are >0.05. This
indicates that the P-Smad labeling intensities of WT and Cut are not significantly different
at ventral lateral regions when plotted on the relative position plot. In contrast, p<0.05 at 8
out of 9 space nodes on x/ܮ௫ݎplot, indicating the WT and Cut P-Smad labeling intensities
are significantly different at most of the ventral lateral regions on x/ܮ௫ ݎplot. This
comparison confirms the better overlapping of WT and Cut P-Smad gradients on Ȁ plot.
The improvement of overlapping of WT and Cut P-Smad gradients on x/ plot than on
x/ܮ௫ ݎplot is a hallmark of scaling. The P-Smad gradients of each embryo and the
population averages are fitted with the Hill equation and quantitatively evaluated for
scaling by comparing the morphogen gradient curves of WT and Cut embryos plotted in
absolute position vs in relative position using 3 other metrics (Fig 4.7 – 4.8).
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Figure 4.6 P-Smad gradient profiles of WT (black) and Cut (red) embryos after filtration.
(A) Population mean P-Smad gradients of WT and Cut after filtering on x/Lmax plot with variation shown by
error bar. In each embryo, the P-Smad levels of cells are averaged among cells that are nearby within an

interval of ౣ౮ in length. P-Smad labeling intensities of all embryos of the same group at the same absolute
ଵ଼ݎ
position are then averaged to plot the errorbar on each position node. There are 17 points instead of 18 points
on the average P-Smad gradient errorbar plot of Cut because the lengths of Cut embryos are all smaller than
those of WT. (B) Population mean P-Smad gradients of WT and Cut on Ȁݎplot with variation shown by
error bar. The sampling of A and B are different, which explains the different shapes of A and B. (C) P-Smad
signal of each embryos grouped by 10º interval in dots on x/Lmax plot, WT in black, Cut remained in red. (D)
P-Smad signal of each embryos averaged by 10º interval in dots on x/L plot, WT in black, Cut remained in
red. Each dot corresponds to an average of P-Smad signals of all cells within every 10º along the margin
within one embryo.

4.1.2

Metric 2: Point-wise scaling error (SE)

Fig 4.7C shows that point-wise SE of fitted curves of population average between WT and
Cut on Ȁݎplot is smaller than that on ݔȀܮ௫ plot (throughout lateral regions), indicating
a better overlapping/convergence of the morphogen gradients of WT and Cut on Ȁݎplot
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over Ȁ୫ୟ୶ݎplot. Note, SEs at dorsal and ventral ends are not shown because the curve at
these two ends are very flat.

Figure 4.7 Fitted curves and point-wise SEs for population mean morphogen gradients of Cut and
WT on ܠȀ ۺplot and x/ plot.
(A) Curve fitting of population P-Smad gradients on x/୫ୟ୶ݎplot. Average P-Smad signals of every 10º along
the margin of each WT embryo are fitted with a smooth curve using the Hill equation and plotted in black
line on x/୫ୟ୶ݎplot. The smooth curve that fits the individual average P-Smad signals of Cut embryos are
plotted in red line. (B) Curve fitting of population P-Smad gradients on x/ plot. Average P-Smad signals of
every 10º along the margin of each WT embryo are fitted with a smooth curve using the Hill equation and
plotted in black line on x/ݎplot. The smooth curve that fits the individual average P-Smad signals of Cut
embryos are plotted in red line. (C) SE of Cut and WT population mean morphogen gradients on x/୫ୟ୶ݎplot
(blue) vs on Ȁ plot (magenta).
Table 4.1 t test of curve-fit parameters of Cut vs WT on ܠȀ ۺplot
p value
ܽௐ்ܽݎݏݒݎ௨௧ݎ

0.820

ܾௐ்ܾݎݏݒݎ௨௧ݎ

0.30

ܿௐ்ܿݎݏݒݎ௨௧ݎ

0.44

Table 4.2 Correlation Test for curve-fit parameters vs ݎۺ
Correlation Coefficient

p value

vs ݎ

-0.18

0.24

 vs ݎ

-0.12

0.44

vs ݎ

0.29

0.059
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4.1.3

Metric 3: T test of curve parameters

The P-Smad gradient of each embryo is fitted with the Hill equation (Fig 4.8A-B). We then
compared the shapes of gradient curves by the curve parameters. As shown by t test results
in Table 4.1, all three parameters of the function that fit morphogen gradients of WT and
Cut embryos on Ȁݎplot do not differ significantly. This indicates that the shape and
amplitude of morphogen gradient curves of WT and Cut embryos do not differ significantly
on Ȁݎplot, thus indicates good overlapping of morphogen gradient curves of WT and Cut
embryos on Ȁݎplot. This is consistent with Pearson’s correlation test results for curve-fit
parameters in Table 4.2, that curve-fit parameters do not correlates with size significantly,
indicating that the shape and amplitude of curves that fit morphogen gradients on Ȁ plot
do not significantly change with egg size.

4.1.4

Metric 4: Scaling power

We calculated scaling powers for parameters of the fitted curves of morphogen gradients
using the slope of curve-fit parameters vs (ݎTable 4.3 and Fig 4.8A-C) and obtained the
value of

డݎ

డݎ

throughout the margin (Fig 4.8D). The greatest value of ȁݎడݎȁݎfor WT and Cut

డݎ

is ͷǤͷݎെݎͶ, very close to zero. It occurs when ξ is at 0.45, meaning the P-Smad gradients
of WT and Cut deviate the most at ventral lateral region. This indicates that the change of
morphogen gradients of WT and Cut by egg size is neglectable, i.e. the morphogen
gradients do not change with egg size, i.e. scale invariant.
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Table 4.3 Scaling powers for parameters of curve-fit for cut and control
Slope
a vs L

-4.2e-4

b vs L

-8.1e-5

c vs L

0.0060

Figure 4.8 Ratio of curve-fit parameters vs  ۺand

ࣔ

along the Cut and WT embryo margins.

ࣔݎ

(A) P-Smad gradient of each WT (black) and Cut (red) embryo is fitted by a smooth curve using the Hill
equation on x/୫ୟ୶ݎplot. (B) P-Smad gradient of each WT (black) and Cut (red) embryo is fitted by a smooth
డݎ
vs throughout the margin. (D) Scatter plot of
curve using the Hill equation on x/ plot. (C) The curve of
డ
the curve-fit parameter  vs ݎfitting with a line in blue, used to calculate the scaling power of parameter a.
(E) Scatter plot of the curve-fit parameter  vs ݎfitting with a line in blue, used to calculate the scaling power
of parameter b. (F) Scatter plot of the curve-fit parameter vs  fitting with a line in blue, used to calculate
the scaling power of parameter c. (D – F) Data from WT are in black while data from Cut are in red.

According to the normal phenotypes of Cut embryos, the visualization of an improved
overlapping of morphogen gradients on Ȁ plot than x/ܮ௫ݎplot, and 3 metricsof scaling
evaluation, we confirmed the scaling of DV patterning and morphogen gradients.
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4.2
Interspecies scaling between zebrafish and giant danio embryonic DV
patterning
Giant danio (Gd) and zebrafish are closely related species. They belong to in the same
family of Cyprinidae and subfamily of Danioninae. Specifically, the zebrafish line we use
to compare with Gd is Tuebingen (Tu). Gd is 20% larger in eggs and 1.5~3 times larger in
adult than zebrafish on average. As shown in Fig 4.9A and B, we observed that the egg
size of giant danio is bigger than that of zebrafish, but the appearance of the eggs looks
alike. This brings up a question, does interspecies scaling exist between zebrafish and giant
danio DV patterning? To address this problem, we measured P-Smad morphogen gradients
of both and quantified the degree of scaling according to the morphogen gradients.

Figure 4.9 The Gd embryos are significantly bigger than Tu.
(A) Bright-field image of one Tu embryo at shield stage. (B) Bright-field image of the same Tu embryo at 1
dpf. (C) Bright-field image of one Gd embryo at shield stage. (D) Bright-field image of the same Gd embryo
at 1 dpf.
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Figure 4.10 The animal and lateral views of P-Smad stained embryo point clouds of Tu and Gd after
image processing with P-Smad labeling intensity in color.
(A) and (C) The animal and lateral view of a P-Smad stained Tu embryo. (B) and (D) The animal and lateral
view of a P-Smad stained Gd.

4.2.1

Metric 1: Morphogen gradients on relative and absolute position plots

We quantified P-Smad gradient from fluorescence image of the P-Smad stained Tu and Gd
embryos. Fig 4.10 gives an example of the point cloud of Tu and Gd embryos with P-Smad
labeling intensity in color.
We measured P-Smad morphogen gradients of 55 Tu and 15 Gd fluorescently stained
embryos. The P-Smad gradients of Tu and Gd embryos are less overlapping on x/L plot
(Fig 4.11B) than on x/ܮ௫ݎplot (Fig 4.11A). This indicates that morphogen gradients of
Tu and Gd do not scale. Fig 4.11E shows that the average size of Gd is about 24% larger
than that of Tu. The P-Smad gradients are then fitted with the mathematical function to
evaluate scaling using the following 3 metrics.
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Figure 4.11 P-Smad gradient profiles of Gd (red) vs Tu (black) embryos.
(A) Population mean P-Smad gradients of Gd and Tu on x/Lmax plot with variation shown by error bar. In

each embryo, the P-Smad levels of cells are averaged among cells that are nearby within an interval of ౣ౮
ଵ଼ݎ
in length. P-Smad labeling intensities of all embryos of the same group at the same absolute position are then
averaged to plot the errorbar on each position node. (B) Population mean P-Smad gradients of Gd and Tu on
Ȁݎplot with variation shown by error bar. (C) P-Smad signal of each embryos grouped by 10º interval in
dots on x/Lmax plot, Tu in black, Gd in red. (D) P-Smad signal of each embryos averaged by 10º interval in
dots on x/L plot, Tu in black, Gd in red. Each dot corresponds to an average of P-Smad signals of all cells
within every 10º along the margin within one embryo. (E) The distribution of the relative vegetal margin
radius length of Tu and Gd.

4.2.2

Metric 2: Point-wise scaling error (SE)

Fig 4.12C shows that point-wise SE of fitted curves of population average between Tu and
Gd on x/L plot is bigger than that on x/ܮ௫ݎplot (throughout lateral regions), consistently
indicates less overlapping of the morphogen gradients of Tu and Gd on x/L plot over
x/ܮ௫ݎplot.
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Figure 4.12 Fitted curves and point-wise SEs for population mean morphogen gradients of Gd and Tu
on ܠȀ ۺplot and x/ ܠ܉ܕۺplot.
(A) Curve fitting of population P-Smad gradients on x/୫ୟ୶ݎplot. Average P-Smad signals of every 10º along
the margin of each Tu embryo are fitted with a smooth curve using the Hill equation and plotted in black line
on x/୫ୟ୶ plot. The smooth curve that fits the individual average P-Smad signals of Gd embryos are plotted
in red line. (B) Curve fitting of population P-Smad gradients on x/ݎplot. Average P-Smad signals of every
10º along the margin of each Tu embryo are fitted with a smooth curve using the Hill equation and plotted in
black line on x/ݎplot. The smooth curve that fits the individual average P-Smad signals of Gd embryos are
plotted in red line. (C) SE of Gd and Tu population mean morphogen gradients on x/୫ୟ୶ݎplot (blue) vs on
Ȁ plot (magenta).

4.2.3

Metric 3: T test of curve parameters

We also compared the shapes of gradient curves by the curve parameters, the amplitude
parameter , and the slope parameters  and . In Table 4.4, p value of b is less than 0.05.
To achieve power as high as 0.8 for the t test of parameter b given the observed mean and
variance of data, the sample size for each group should be at least 9. Here, sample size of
Tu and Gd embryos are 55 and 15 respectively, both are higher than 9. Power analysis is
conducted for the t test of parameter b given sample size as 15. The observed power for the
t test of parameter b is 0.95, very high. This means that the parameter corresponding to
position shift of the curve, ݎ, of Gd and Tu morphpogen gradients on Ȁ plot is
significantly different by t test, indicating the shapes of morphogen gradients of Tu and Gd
are significantly different. This is consistent with Pearson’s correlation test results for
curve-fit parameters in Table 4.5. The parameter, , does correlate with size significantly,
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indicating that the shape of morphogen curves on Ȁݎplot significantly change with egg
size.
Table 4.4 t test of curve-fit parameters of Tu vs Gd for ܠȀ ۺplot
p value
ܽ ்௨ீܽݎݏݒݎௗݎ

0.1369

்ܾ௨ீܾݎݏݒݎௗ ݎ2.0746e-5
்ܿ௨ீܿݎݏݒݎௗݎ

0.4689

Table 4.5 Correlation Test for curve-fit parameters vs L

4.2.4

Correlation Coefficient

p value

vs ݎ

-0.2336

0.0516

 vs ݎ

-0.4127

3.8431e-4

vs ݎ

-0.0314

0.7963

Metric 4: Scaling power

We calculated scaling powers for parameters of the fitted curves of morphogen gradients
using the slope of curve-fit parameters vs (ݎTable 4.6 and Fig 4.13E-F) and obtained the
value of

డݎ

డݎ

 throughout the margin. Fig 4.13C shows that the greatest value of | డݎȁݎis

డݎ

ͳǤ͵ െݎ͵ݎwhen ξ is in the range of ሾͲǤ͵ǡͲݎǤͶͳሿ. This is about twice as bigger as that of Tu
Cut and WT, indicating that the degree of scaling of Tu and Gd is less than Cut and WT
within the species of zebrafish.
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Table 4.6 Scaling powers for parameters of curve-fit for cut and control
Slope
a vs L

-5.8679e-4

b vs L

-2.9740e-4

c vs L

-6.9495e-4

Figure 4.13 Ratio of curve-fit parameters vs  ۺand

ࣔ

along the Gd and Tu embryo margins.

ࣔݎ

(A) P-Smad gradient of each Tu (black) and Gd (red) embryo is fitted by a smooth curve using the Hill
equation on x/୫ୟ୶ݎplot. (B) P-Smad gradient of each Tu (black) and Gd (red) embryo is fitted by a smooth
డݎ
vs throughout the margin. (D) Scatter plot of
curve using the Hill equation on x/ plot. (C) The curve of
డ
the curve-fit parameter  vs ݎfitting with a line in blue, used to calculate the scaling power of parameter a.
(E) Scatter plot of the curve-fit parameter  vs ݎfitting with a line in blue, used to calculate the scaling power
of parameter b. (F) Scatter plot of the curve-fit parameter vs  fitting with a line in blue, used to calculate
the scaling power of parameter c. (D – F) Data from WT are in black while data from Cut are in red.

The above metrics consistently demonstrate that the DV patterning and corresponding
morphogen gradients of Gd embryos do not appear to scale with zebrafish embryos.
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4.3

Conclusions

In sum, experimental data of Cut and WT zebrafish embryo images and quantitative
analysis of morphogen gradients leads to the conclusion that scaling of DV patterning with
egg size is consistent with the scaling of morphogen gradients with egg size among
different-sized zebrafish embryos. The mechanisms that lead to scale invariance is still
mysterious and to be investigated in the future. In addition, scaling of BMP morphogen
gradients that happens in embryonic development may also be preserved during larva
regeneration and is lost in cancer. It would be an interesting topic to investigate the scaling
of DV patterning and morphogen gradients in regeneration.
Table 4.7 Summary of results of intraspecies scaling and interspecies scaling
Content

WT vs Cut

Gd vs Tu

Metric 1

Gradient overlapping on Ȁ plot vs Ȁ௫ plot

More

Less

Metric 2

Point-wise SE on Ȁ plot vs Ȁ௫ݎplot

Smaller

Bigger

Metric 3

݉ݎ
ሺȁ ݎȁሻݎ
ݎܮ

ͷǤͷݎെݎͶݎ

ͳǤ͵ݎݎെݎ͵ݎ

Metric

Significant difference on t test of WT vs Cut curve
No

Yes

4(1)

parameters

Metric

Significant difference on correlation test of curve parameters
No

Yes

4(2)

vs size

In contrast, Gd embryos are significantly bigger than those of Tu in size and morphogen
gradients of Gd display less overlapping with those of Tu when plotted on relative position
Ȁݎplot in comparison to the morphogen gradients of Cut and WT when plotted on
absolute position x plot. These lead to the conclusion that morphogen gradients and DV
patterning of zebrafish do not scale with that of Gd. The negative results regarding
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interspecies scaling are very interesting. Giant danio and zebrafish are very closely related
species with similarities in phenotypic morphology, yet DV patterning do not scale, which
indicates that they have different mechanisms of morphogen formation and regulation. This
is an interesting topic for further research and computational modeling and screening as
well as model-based experiment design would be useful tools for furthering this research.
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5. DISCUSSION

In sum, this dissertation provides a broad review of the mechs and measurements of scale
invariance, describes our methodological advancements in the study of scaling in zebrafish
embryos, and communicates our insights on DV pattern scale invariance within and
between fish species. We have developed two significant methodological advances. We
developed a point matching algorithm we developed for improving performance of
registration methods and solving the challenge of processing partially overlapping images
We also developed a novel protocol we developed to precisely vary system size and test
scaling. Finally, we conclude that DV pattern scale invariance in zebrafish embryos can be
traced back to the intraspecies scaling of BMP gradients, and there is no scaling of BMP
gradients between fish species of zebrafish and giant danio. We established a workflow to
vary system size and evaluate scaling that can be easily applied to investigate scaling in
other systems. Moreover, this is the first evidence of absence of scaling in such closely
related species.do a sentence sharing your biological conclusion. It is very likely to be the
regulation network of BMP that lead to no scaling. The regulation network of BMP must
be under selection for size, which is an interesting evolutionary aspect to investigate.
The next challenge in the study of scale invariance is to move from describing the
patterns of scaling relationships to understanding the underlying processes that create the
patterns. In the future, possible mechanisms of intraspecies scaling can be investigated. We
built a partial differential equation (PDE) model and perturbed sizes by ±20%, and then
conduct multi-objective optimization to obtain parameter sets that achieve BMP gradients
scaling and match the P-Smad population mean image data of WT and Chord-lost-offunction (CLF), Noggin-lost-of-function and Chord-Noggin-lost-of-function mutants.
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Parameters that are not well-defined by literature were screened first with the shape of the
P-Smad gradient image data and then with scaling, the fitness of which is scored by
unweighted squared error. We tested 0.5 million random combinations of parameters
(production, binding, degradation) in 4 million simulations. We found solutions of
parameters at steady state only if Sizzled is present. Inspired by a research on Drosophila
Bicoid morphogen that reports a scaling mechanism achieved by adjusting the production
rate of Bicoid with embryo volume [7], we found that when the expression domain of BMP
and regulators stay the same size among different sized embryos, changing the production
or decay rate of Sizzled with embryo volume can achieve scaling in zebrafish embryos with
length variation up to 20%. Sizzled is a great candidate because, as reported in Xenopus,
Sizzled is abundant in embryos [86], and Sizzled is likely to play a role in achieving scaling
by inhibiting the degradation of Chordin and positive feedback of Sizzled production rate
[5]. Moreover, the presence of ADMP does not make a difference to the simulation result
of scaling, contrary to an alternative mechanism of scaling by ADMP previously reported
in Xenopus. Based on these, we hypothesize that Sizzled plays a key role in DV patterning
scaling embryos in zebrafish. This can be tested by applying the protocol we developed,
i.e. generate eggs of different sizes by removing yolk among Sizzled mutant embryos, and
then check if the BMP gradients scale. The control is WT embryos of different sizes after
yolk removal. We hypothesize that BMP gradients of Sizzled mutants of different sizes do
not scale. If this is the case, it will indicate that Sizzled is essential for zebrafish embryos
to achieve scaling in DV patterning. The results from this research will enable us to identify
the mechanism of intraspecies scaling, to shed light on interspecies and dynamic scale
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invariance, and to better understand the earliest stages of life in quantitative detail,
specifically, the regulation of BMP signaling.
In addition, it is also interesting to test if BMP gradients of different sized embryos scale
at different time points in zebrafish in gastrula stages when feedbacks of protein
expressions are turned on. This would further support the intraspecies scaling of BMP
gradients.
The fact that BMP gradients in Gd and Tu do not scale indicates different mechanisms
of gradient formation in these two systems. It is interesting to investigate reasons that
eliminate scaling between Gd and Tu. There are potentially interesting reasons why BMP
gradients of Gd and zebrafish do not scale. Notice that the position shift parameter in the
curve fit function, b, is decrease as embryo size gets bigger. This relation corresponds to
the steeper P-Smad gradients of the bigger Gd embryos than Tu embryos. In other words,
the P-Smad gradients in Gd embryos decreases faster than in Tu embryos. This could be
due to the time range difference for BMP to diffuse in these two systems. As shown in
section 2.1, the time for molecules to diffuse in embryo extracellular space is dependent on
మݎ


(ݎܦis the diffusion coefficient). We know that the average size of Gd embryo is about

20% bigger than that of Tu. So, if the values of diffusion coefficient are about the same in
Gd and Tu, the time for BMP to diffuse across the field of cells from ventral pole to dorsal
pole in Gd embryos is about 44% longer than that in Tu embryos on average. If the decay
rates and production rates of extracellular regulators are about the same in Gd and Tu, more
BMP will be decayed on the longer trip from ventral pole to dorsal pole in Gd and this
could explain why the P-Smad gradients of Gd embryos are steeper than those of Tu
embryos.
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The staining and imaging efficiency of Gd and Tu is not likely to account for no scaling.
We removed the effect of imaging efficiency difference by normalizing the P-Smad
gradients of Gd and Tu separately. We normalized the P-Smad labeling intensity of each
embryo by subtracting a background value and multiplying a scalar that scales the peak of
the population mean of each species at 1.
Finally, the dissertation research opens a window for exploring other types of scale
invariance. It would be interesting to study DV patterning dynamic scaling during
embryonic stages to find out how the morphogen gradients scale within one individual
embryo as the size of the tissues and organisms are growing. It would also be interesting
to investigate dynamic scaling in larva regeneration to discover scale invariance in
regeneration of certain tissues and understand the corresponding mechanisms why the
patterns of certain tissues before and after tissue removal surgery scale.
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APPENDIX A. REPLICATE DATA OF ZEBRAFISH CUT AND WT
MORPHOGEN GRADIENTS

Experiments have been conducted to reproduce the results on intraspecies scaling in
Section 4.1. We generated Cut embryos by removing vegetal yolk at cleavage stage and
split the eggs into two groups, one group of eggs fixed at shield stage for staining, the other
group grows in the incubator to observe phenotypes at 1 dpf. There are embryos after
removing yolk both significantly smaller than WT and display proportional DV axis same
as WT.

A.1

Metric 1: Morphogen gradients on relative and absolute position plots

We quantified P-Smad gradient from fluorescence image of the P-Smad stained embryos.
Fig A.1A and B shows the errorbar plot of population mean P-Smad gradient of WT and
Cut embryos on absolute position plot ( Ȁ୫ୟ୶ ݎplot) and Ȁ plot, respectively. No
improvement in overlapping between WT and Cut is observed on Ȁݎplot compared to the
plots on Ȁ୫ୟ୶ plot. Fig A.1E shows the relative size of fluorescently stained WT and Cut
embryos. Most of the Cut embryos are 20~30% smaller than WT embryos in length, i.e.
50~70% smaller in volume. The size variation within WT embryos is about 20%. The Cut
embryos are 20% smaller than WT on average and the smallest Cut embryo is 50% smaller
than WT. We apply a global rule to filter Cut embryos. After filtration the sample size of
WT and Cut are 27 and 23 respectively.
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Figure A. 1 P-Smad gradient profiles of all the embryos of Cut (red) vs WT (black).
(A) Population mean P-Smad gradients of WT and Cut on x/Lmax plot with variation shown by error bar. In

each embryo, the P-Smad levels of cells are averaged among cells that are nearby within an interval of ౣ౮
ଵ଼ݎ
in length. P-Smad labeling intensities of all embryos of the same group at the same absolute position are then
averaged to plot the errorbar on each position node. There are 17 points instead of 18 points on the average
P-Smad gradient errorbar plot of Cut because the lengths of Cut embryos are all smaller than those of WT.
(B) Population mean P-Smad gradients of WT and Cut on Ȁݎplot with variation shown by error bar. (C) PSmad signal of each embryos grouped by 10º interval in dots on x/Lmax plot, WT in black, Cut in red. (D) PSmad signal of each embryos averaged by 10º interval in dots on x/L plot, WT in black, Cut in red. Each dot
corresponds to an average of P-Smad signals of all cells within every 10º along the margin within one embryo.
Notes: The sampling of (A) and (B) are different, which explains the different shapes of (A) and (B). (A)
averages data within an interval of every certain distances along the margin, while (B) averages data within
an interval of every certain angles along the margin circle. (A) and (B) are plotted just for metric 1. Analysis
of scaling with other metrics samples data the same way as (B), i.e. averaging P-Smad signal of cells within
every 10º along the margin for each embryo.

We then filtered Cut embryos using the same systematic rules as Section 4.1. As a result
we discarded 32 Cut embryos. The ratio of Cut embryos remained vs total number of Cut
embryos imaged is 42%, which is close to the average frequency of normal phenotypes at
1 dpf among cut embryos. Fig A.2B shows P-Smad gradients of Cut embryos that are
remained after filtration and Fig A.2C shows P-Smad gradients of Cut embryos that are
discarded.
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Figure A. 2 Filtering Cut embryos using global rules on peak intensity and difference between ventral
and dorsal average P-Smad level.
(A) Scatter plot of P-Smad signal of WT embryos. (B) Raw data of P-Smad signal of Cut embryos that pass
the filter and remained for latter analysis on x/L plot. (C) Raw data of P-Smad signal of Cut embryos that are
filtered out on x/L plot. Each point is an average of P-Smad signals of all cells within every 10º along the
margin for one embryo.

Fig A.3 plots P-Smad gradients of WT and remained Cut embryos after the filtration.
Compared to P-Smad gradients of Cut and WT embryos on absolute position plot (Fig
A.3A), the P-Smad gradients of WT and Cut embryos converge better on Ȁ plot (Fig
A.3B). The scatter plot of average P-Smad relative fluorescence of each WT and Cut
individual embryo on Ȁݎplot (Fig A.3D) also shows a better overlapping than that on
x/ܮ௫ݎplot (Fig A.3C), especially on the relative positions in range of 0.2 to 0.4. T test
has been conducted between WT and Cut P-Smad relative fluorescence at each space node
for the 9 space nodes near ventral region on Ȁݎplot. This is a hallmark of scaling. The PSmad gradients of each embryo and the population averages are fitted with the Hill
equation and quantitatively evaluated for scaling by comparing the morphogen gradient
curves of WT and Cut embryos plotted in absolute position vs in relative position using 3
other metrics (Fig A.4 – A.5).
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Figure A. 3 P-Smad gradient profiles of WT (black) and Cut (red) embryos after filtration.
(A) Population mean P-Smad gradients of WT and Cut after filtering on x/Lmax plot with variation shown by
error bar. In each embryo, the P-Smad levels of cells are averaged among cells that are nearby within an

interval of ౣ౮ in length. P-Smad labeling intensities of all embryos of the same group at the same absolute
ଵ଼ݎ
position are then averaged to plot the errorbar on each position node. There are 17 points instead of 18 points
on the average P-Smad gradient errorbar plot of Cut because the lengths of Cut embryos are all smaller than
those of WT. (B) Population mean P-Smad gradients of WT and Cut on Ȁݎplot with variation shown by
error bar. The sampling of A and B are different, which explains the different shapes of A and B. (C) P-Smad
signal of each embryos grouped by 10º interval in dots on x/Lmax plot, WT in black, Cut remained in red. (D)
P-Smad signal of each embryos averaged by 10º interval in dots on x/L plot, WT in black, Cut remained in
red. Each dot corresponds to an average of P-Smad signals of all cells within every 10º along the margin
within one embryo.

A.2

Metric 2: Point-wise scaling error (SE)

Fig A.4C shows that point-wise SE of fitted curves of population average between WT and
Cut on Ȁݎplot is smaller than that on ݔȀܮ௫ plot (throughout lateral regions), indicating
a better overlapping/convergence of the morphogen gradients of WT and Cut on Ȁݎplot
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over Ȁ୫ୟ୶ݎplot. Note, SEs at dorsal and ventral ends are not shown because the curve at
these two ends are very flat.

Figure A. 4 Fitted curves and point-wise SEs for population mean morphogen gradients of Cut and
WT on ܠȀ ۺplot and x/ ܠ܉ܕۺplot.
(A) Curve fitting of population P-Smad gradients on x/୫ୟ୶ݎplot. Average P-Smad signals of every 10º along
the margin of each WT embryo are fitted with a smooth curve using the Hill equation and plotted in black
line on x/୫ୟ୶ݎplot. The smooth curve that fits the individual average P-Smad signals of Cut embryos are
plotted in red line. (B) Curve fitting of population P-Smad gradients on x/ plot. Average P-Smad signals of
every 10º along the margin of each WT embryo are fitted with a smooth curve using the Hill equation and
plotted in black line on x/ݎplot. The smooth curve that fits the individual average P-Smad signals of Cut
embryos are plotted in red line. (C) SE of Cut and WT population mean morphogen gradients on x/୫ୟ୶ݎplot
(blue) vs on Ȁ plot (magenta).

A.3

Metric 3: T test of curve parameters

We fitted the morphogen gradient of each embryo by the same Hill equation and compared
the shape and amplitude of gradient curves by the curve parameters. As shown by t test
results in Table A1, parameters a and b of the Hill function of WT and Cut embryos on Ȁݎ
plot do not differ significantly, but c does (p < 0.05). This indicates that the shape of the
morphogen gradient curves of WT and Cut embryos does differ on Ȁ plot. Pearson’s
correlation test in Table A.2 also shows that parameter c correlates with size significantly,
indicating that the shape of the morphogen gradients on Ȁݎplot does significantly change
with egg size. The result indicates that the degree of scaling of this dataset is lower than
that in Section 4.1, however, metrics 1 and 2 still lead to an improvement of overlapping
of WT and Cut morphogen gradients and conclude to intraspecies scaling consistently.
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Table A. 1 t test of curve-fit parameters of Cut vs WT on ܠȀ ۺplot
p value
ܽௐ்ܽݎݏݒݎ௨௧ݎ

0.47

ܽௐ்ܽݎݏݒݎ௨௧ݎ

0.091

ܽௐ்ܽݎݏݒݎ௨௧ݎ

1.0e-5

Table A. 2 Correlation Test for curve-fit parameters vs ݎۺ

A.4

Correlation Coefficient

p value

vs ݎ

0.12

0.41

 vs ݎ

0.28

0.049

vs ݎ

0.38

0.0072

Metric 4: Scaling power

We calculated scaling powers for parameters of the fitted curves of morphogen gradients
using the slope of curve-fit parameters vs (ݎTable A.5 and Fig A.5A-C) and obtained the
value of

డݎ

డݎ

throughout the margin (Fig A.5D). The greatest value of ȁݎడݎȁݎfor WT and Cut

డݎ

is Ǥͺ െݎͶ, very close to zero. This indicates that the change of morphogen gradients of
WT and Cut by egg size is neglectable, i.e. the morphogen gradients do not change with
egg size, i.e. scale invariant.
Table A. 3 Scaling powers for parameters of curve-fit for cut and control
Slope
a vs L

2.5e-4

b vs L

2.3e-4

c vs L

0.0067

77

Figure A. 5 Ratio of curve-fit parameters vs  ۺand
embryos.

ࣔ

 along the embryo margin for Cut and WT

ࣔݎ

(A) P-Smad gradient of each WT (black) and Cut (red) embryo is fitted by a smooth curve using the Hill
equation on x/୫ୟ୶ݎplot. (B) P-Smad gradient of each WT (black) and Cut (red) embryo is fitted by a smooth
డݎ
vs throughout the margin. (D) Scatter plot of
curve using the Hill equation on x/ plot. (C) The curve of
డ
the curve-fit parameter  vs ݎfitting with a line in blue, used to calculate the scaling power of parameter a.
(E) Scatter plot of the curve-fit parameter  vs ݎfitting with a line in blue, used to calculate the scaling power
of parameter b. (F) Scatter plot of the curve-fit parameter vs  fitting with a line in blue, used to calculate
the scaling power of parameter c. (D – F) Data from WT are in black while data from Cut are in red.

The results in Appendix A supports the conclusion in Section 4.1 that the P-Smad
gradients of zebrafish embryos are scale invariant.
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APPENDIX B. REPLICATE DATA OF GD AND TU MORPHOGEN
GRADIENTS

Experiments have been conducted to reproduce the results on interspecies scaling in
Section 4.2. We quantified P-Smad gradients of 19 Gd and 11 Tu embryos in this section.

B.1

Metric 1: Morphogen gradients on relative and absolute position plots

Consistent with results in section 4.2, the P-Smad gradients of Tu and Gd embryos are less
overlapping on x/L plot (Fig B.4B) than on x/ܮ௫ݎplot (Fig B.1A). This indicates that
morphogen gradients of Tu and Gd do not scale. As shown in Fig S4E, Gd is 20% larger
in eggs than zebrafish on average. The P-Smad gradients are then fitted with the
mathematical function to evaluate scaling using the following 3 metrics.

Figure B. 1 P-Smad gradient profiles of Gd (red) vs Tu (black) embryos.
(A) Population mean P-Smad gradients of Gd and Tu on x/Lmax plot with variation shown by error bar. (B)
Population mean P-Smad gradients of Gd and Tu on Ȁݎplot with variation shown by error bar. (C) P-Smad
signal of each embryos grouped by 10º interval in dots on x/Lmax plot, Tu in black, Gd in red. (D) P-Smad
signal of each embryos averaged by 10º interval in dots on x/L plot, Tu in black, Gd in red. (E) The
distribution of the relative vegetal margin radius length of Tu and Gd.
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B.2

Metric 2: Point-wise scaling error (SE)

Fig B.2C shows that point-wise SE of fitted curves of population average between Tu and
Gd on x/L plot is bigger than that on x/ܮ௫ݎplot (throughout lateral regions), consistently
indicates less overlapping of the morphogen gradients of Tu and Gd on x/L plot over
x/ܮ௫ݎplot.

Figure B. 2 Fitted curves and point-wise SEs for population mean morphogen gradients of Gd and Tu
on ܠȀ ۺplot and x/ plot.
(A) Curve fitting of population P-Smad gradients on x/୫ୟ୶ݎplot. Average P-Smad signals of every 10º along
the margin of each Tu embryo are fitted with a smooth curve using the Hill equation and plotted in black line
on x/୫ୟ୶ plot. The smooth curve that fits the individual average P-Smad signals of Gd embryos are plotted
in red line. (B) Curve fitting of population P-Smad gradients on x/ݎplot. Average P-Smad signals of every
10º along the margin of each Tu embryo are fitted with a smooth curve using the Hill equation and plotted in
black line on x/ݎplot. The smooth curve that fits the individual average P-Smad signals of Gd embryos are
plotted in red line. (C) SE of Gd and Tu population mean morphogen gradients on x/୫ୟ୶ݎplot (blue) vs on
Ȁ plot (magenta).

B.3

Metric 3: T test of curve parameters

We also compared the shapes of gradient curves by the curve parameters, the amplitude
parameter , and the slope parameters  and . In Table B.1, p value of b is less than 0.05.
To achieve power as high as 0.8 for the t test of parameter b given the observed mean and
variance of data, the sample size for each group should be at least 2. Here, sample size of
Tu and Gd embryos are 19 and 11 respectively, both are higher than 2. Power analysis is
conducted for the t test of parameter b given sample size as 11. The observed power for the
t test of parameter b is 1. The t test and power analysis mean that the parameter
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corresponding to position shift of the curve, , of Gd and Tu morphpogen gradients on Ȁݎ
plot is significantly different by t test, indicating the shapes of morphogen gradients of Tu
and Gd are significantly different. This is consistent with Pearson’s correlation test results
for curve-fit parameters in Table B.2. The parameter, ݎ, does correlate with size
significantly, indicating that the shape of morphogen curves on Ȁ plot significantly
change with egg size.
Table B. 1 t test of curve-fit parameters of Tu vs Gd for ܠȀ ۺplot
p value
ܽ ்௨ீܽݎݏݒݎௗݎ

0.9187

்ܾ௨ீܾݎݏݒݎௗ ݎ1.5360e-9
்ܿ௨ீܿݎݏݒݎௗݎ

0.0021

Table B. 2 Correlation Test for curve-fit parameters vs L

B.4

Correlation Coefficient

p value

vs ݎ

-0.0647

0.7342

 vs ݎ

-0.8130

4.7913e-8

vs ݎ

0.5685

0.0010

Metric 4: Scaling power

We calculated scaling powers for parameters of the fitted curves of morphogen gradients
using the slope of curve-fit parameters vs (ݎTable B.3 and Fig B3.A-C) and obtained the
value of

డݎ

throughout the margin (Fig B.3D). Fig S6D shows that the maximum value of

డݎ

డݎ

ȁݎడݎȁ is ʹǤ െ͵ݎ. This is about 4.7 times bigger than that of Tu Cut and WT, indicating
that the degree of scaling of Tu and Gd is less than Cut and WT within the species of
zebrafish.

81
Table B. 3 Scaling powers for parameters of curve-fit for cut and control
Slope
a vs L

1.7146e-4

b vs L

-7.6524e-4

c vs L

-0.0114

Figure B. 3 Ratio of curve-fit parameters vs  ۺand

ࣔ

along the Gd and Tu embryo margins.

ࣔݎ

(A) P-Smad gradient of each Tu (black) and Gd (red) embryo is fitted by a smooth curve using the Hill
equation on x/୫ୟ୶ݎplot. (B) P-Smad gradient of each Tu (black) and Gd (red) embryo is fitted by a smooth
డݎ
vs throughout the margin. (D) Scatter plot of
curve using the Hill equation on x/ plot. (C) The curve of
డ
the curve-fit parameter  vs ݎfitting with a line in blue, used to calculate the scaling power of parameter a.
(E) Scatter plot of the curve-fit parameter  vs ݎfitting with a line in blue, used to calculate the scaling power
of parameter b. (F) Scatter plot of the curve-fit parameter vs  fitting with a line in blue, used to calculate
the scaling power of parameter c. (D – F) Data from WT are in black while data from Cut are in red.

The above metrics consistently demonstrate that the DV patterning and corresponding
morphogen gradients of Gd embryos do not appear to scale with zebrafish embryos.
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APPENDIX C. 3D POINT CLOUD IMAGES AND DATA FILES

All the 3D point cloud images of embryos and the data matlab files for the study of
intraspecies and interspecies scaling are stored in a dropbox shared folder. The link to it is
https://goo.gl/mcxY3R. It is also included in the supplemental files.
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